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INTRODUCTION 


The subject matter of this book falls naturally into two main divisions, 
an introductory part dealing with tensor analysis, and a second part 
concerned with the search for all laws of gravitation in empty space 
admissible under the postulates of Relativity. The problem of deducing 
these laws from the given set of Relativity postulates is amenable to a 
purely mathematical treatment, and is one of the most remarkable ex- 
amples of this sort in modern Physics. 

A very powerful weapon in the solution of this problem is the theory of 
tensors. As originally developed by Ricci and Levi-Civitaf this theory 
was devised to meet a much more general class of geometrical problems 
than those which later arose in connection with the General Theory of 
Relativity. In the following treatment we have limited the scope of the 
theory of tensors in such a way as to lead, in our opinion, to the most 
fruitful application to Relativity. 

As special points in this development we wish to call attention to the 
following: We commence with a linear differential form, or with sets of 
such forms, and with matrices defined in a general way. The components of 
these matrices arc explicit functions of the independent variables, their 
differentials, and the coefficients of one or more linear differential forms. 
We are then able to set up a simple definition of the transformation of a 
matrix from one coordinate system to another (§2). Tensors enter the 
theory as matrices which transform in a specified way (§3). We are then 
able to show’ that the components of a tensor do not contain the indepen- 
dent variables explicitly (§3). This procedure makes it possible to es- 
tablish a general existence theorem providing us with tensors of every 
order, arbitrary in the coordinates (§9); such a theorem can not be obtained 
if the theory is based on a quadratic differential form alone. The so-called 
quotient theorem follows almost at once as a corollary (§10); this can not 
be proved without a general existence theorem. A precise definition of 
cova riant equations (§6) brings to light the relation of tensors to the 
expression of laws of nature which satisfy the fundamental postulate of the 
Theory of Relativity. 

The quadratic differential form is introduced (§18) only after the 
properties of the symmetric co variant tensors of the second order are 
studied. The fact that the quadratic differential form plays a fundamental 
r61e in the Theory of Relativity, due to its geometrical significance, does 
not imply that it must serve as basis of the theory of tensors in Relativity; 
for every quadratic differential form can be decomposed into the sum of 
the products of four pairs of linear differential forms. { 

t Ricci and Levi-Civita: Math. Ann,, 1901, (54), p. 125. 

t Or the algebraic sum of the squares of four linear differential forms. 



In Chapter V we have been able to give the number and the explicit 
form of fundamental non-differential tensors of the quadratic differential 
form. Further, we have shown that every fundamental tensor linear in 
the second derivatives and containing no higher derivatives, can be 
expressed as an explicit sum of products of known tensors. 

The set of postulates referred to above is given in the opening paragraph 
of Chapter VI. With the aid of our previous theorems and of three proposi- 
tions, all the possible forms of the law of gravitation are obtained. They 
are expressed by four tensor equations (one being Einstein’s law), and the 
combinations of these. Of these four tensors three were previously known, 
while the fourth, as far as we are aware, is given here for the first time. 
We have denoted it by .S^rpM^x- 

In Chapter VII solutions of these laws are given for the gravitational 
field of one body. Solutions of the equations of motion of a point-mass in 
the field of one finite body are given explicitly, including the Einstein law 
as a special case. These results hold for much more general postulates than 
those previously considered. 

We may state here that all the functions occurring in the following 
pages shall be assumed to be continuous, and to possess as many continu- 
ous derivatives as may be required by the arguments in which they occur. 
We have not used the double-index summation convention, as we felt that 
it would be confusing here. 

We wish to acknowledge our great debt to the treatments of tensor 
analysis given by several writers, particularly Einstein, f Eddington^ and 
Bccquerel.ft As the first five and one half chapters were completed in 1927, 
at which time we were not familiar with several of the more recent treat- 
ments of tensor analysis, such as those of Veblen, Eisenhart, and Birkhoff, 
we could not take advantage of some of their notational and other innova- 
tions. We wish also to express our obligation and gratitude to Professor 
G. A. Bliss for his encouragement and valuable advice. 


t Annalen d. Physik, vol. 49, 1916, p. 769. 
t The Mathematical Theory of Relativity: Cambridge, 1923. 
tt Principe de Rclativiti et la Theorie de la Gravitation^ Paris, 1922. 



CHAPTER 1 

ELEMENTS OF THE TENSOR THEORY 


§1. The linear diferential form. 

We shall deal only with four-dimensional space, and functions of 
four real variables , xa. As the basis of the theory we take the 

linear diflFerential form 


( 1 ) 


dr = 2^ h^dXfj,^ 


M— 1 


where the are arbitrary functions of jci, . . . , .r 4 . Consider the single- 
valued non-singular transformation of variables 


(T) 


*l = Xi(xi, ■ ■ ■ ,X4') 


Xi = Xi(Xi, ■ ■ ■ ,Xi). 


Under this the transform as follows: 


(2) dxi, = 2 (m = 1, • • ■ ,4). 

axj 

By substituting (2) in (1) we obtain the transform of (1) under (T): 


4 


II 

II 

2 Kdxl , 



where 

M-l 



(3) Kw.) - 1 !*;■ 

-K[x,{xk')\ 


• • ,4) 

The solution of this for //^ is 




^ djc' 

1-1 


(m = 1 , ■ 

•• ,4) 


In future we shall abbreviate by understanding that all summation in- 
dices run from one to four, unless otherwise specified, and that all equations 
hold for each value from one to four of the free indices. 

Since the of (1) are arbitrary functions of the x^ we may introduce 

several sets of such functions. The product of two such sets 

may be considered as the coefficients of a symmetric quadratic differential 
form 
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23 dx^dx, = h^pdx fidXp y 

/*t> Mt*' 


where 


§2. Transformation of matrices. 

We shall deal with matrices of various orders, a matrix of order k 
being an array of 4* components. For the components we shall admit 
functions of the quantities .vi, . . . , X4, rfxi, . . . , dx^y , and the partial 
derivatives of all orders of the with respect to the Xi. 

We shall first consider the simplest type of matrix, namely, one of 
order zero, a single function /(.Vt, dxiy it is understood that every 

function of the , such as the one just given, may involve the partial 
derivatives of the . 

We shall now define the transform of this matrix /(jCt, dxiy in a 

new system of coordinates when the independent variables Xi are trans- 
formed according to (T). Denoting the transform by f(x^y dxi, 
we define it by 

W ^ f{xl ydxl yKh^^)y 

the ' of the right member being expressed in terms of the jc,' according 
to the equations (3); in other words the function /(.v*, rfjCt, is trans- 
formed by replacing the quantities jl*, dx^y by jc,', dxiy the 

partial derivatives /dxi‘^ . . .dx®* = being replaced by 

/dxl^ I . . . dxl^K * 

This law brings to light an important feature of the theory that we 
are treating. It would be possible to consider the in / as functions of 
the X,, (which of course they arc), so that they would transform by re- 
placing the Xt by the x/. But the significance of the present theory is 
largely dependent upon the explicit presence of the in the function / 
and on their transformation according to (3). 

The law of transformation for the general matrix of order k under the 
transformation of variables (T) is that each component of the matrix 
transforms separately according to (4). We shall use the notation A' 
to represent the transform of the matrix A under (T). 

The components of A^ are functions of the components of il ; in case 
these functions are linear and homogeneous for the general transformation 
(T), A shall be called a linear matrix. 

Whenever a quantity is a function of several sets we shall ab- 
breviate by writing simply hy,. 

We shall have occasion to use the transform {dA/dxl)^ of dA/dXi, 
for the function At). Then 
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dXi ^ 


dhk 

dXt 


By definition 

~ >^^/) “I" 

On the other hand 



dA' 


^-yi(.r; ,///) = J,.u; ,///) + ZAK,ix;,h;f~ 

k dx{ 


dx: 


By definition 

/ dh dA' 

\ dXi / dx[ 

Hence 

/ dA dA' 

\ dXi ) dxl 


§3. Tensors. 

Among all existing linear matrices there are certain particular ones 
which we shall call tensors. Under this heading we shall include the four 
following types — covariant, contravariant, mixed and invariant, which we 
now proceed to define. Consider a matrix A of order n with the 4^ com- 
ponents A{ni, '••, fin). Under the transformation (T) this becomes a 
matrix A' of order n, with the components A'{fi\} * ' » Mn). If the re- 

lations 


(5) 


• • • ,i“n) = £ 


dXa^ 


dx'^ 


A(ai, ■ ■ ■ ,a„) 


are satisfied, the matrix A is called a covariant tensor. In this equation 
A'ijii, • • • , Mn) is expressed according to (4) in terms of dxi, h^\ the 
partial derivatives 3j:a,/da:'„, are expressed in terms of the by (T). By 
the equation we mean an identity in the the the h,, and their 
derivatives. Every equation involving the x. ,dxi, and the h„ of two co- 
ordinate systems has precisely this meaning. 

If the relations 


( 6 ) 


A\v„ 


,Vn) = ]C 


dx'.. 


.ft. dac/j, 


dxe. 


vl(/3„ ■ • • ,/3„) 


are satisfied, A is called a contravariant tensor. 
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Tf the relations 
(7) 






3*% 




dJCa* dx\^ 
dx'n dXfi^ 

j^ki ^1} * * ■ >/ 3 |) 


are satisfied, ^4 is called a mixed tensor^ covariant of order fe, contravariant 
of order /. The solution of (7) is 


(8) i4(/xi, • • • ; J'l, 







djc'a* dx,, 

dXM* dx'/j, 


dxpt 

-^—-A'(aiy • • • ,aib ; ^1, • • • 

dx 

If the relations 


(9) 


A (M1> * ‘ ‘ iMn) A{fAiy * * • ,/Xn) 


are satisfied, the matrix .1 is called an invariant matrix. If A is also a 
tensor it is an invariant tensor. 

We shall hereafter use the term valence for the order of a tensor, f 

The tensors (5), (6), and (7) are represented by the following notation: 

The covariant tensor (5) is or simply A^n) or i4(®). 

The contravariant tensor (6) is A''^^ ‘ or simply ^4^^^ or i4(Sj. 

The mixed tensor (7) is ^4]}^^ or simply 

As implied above, the term mixed tensor will be used to include a 
tensor i4 (n) = ^^i. covariant of valence w, contravariant of valence 
zero, a tensor i4^'*^ = ^4''*’ •••.»'», contravariant of valence n, covariant of 
valence zero, and an invariant tensor A [o], covariant of valence zero, 
contravariant of valence zero, a single invariant function. 

The notation A[k) shows that .1 is a mixed tensor of valence k+l- 
For the components of this tensor it is convenient to use the notation 
-4 (mi, • • • , Mfc; *' 1 , • • • , vi) or i4j2) (/xi, • • • , Mfc; J'l, • • • , vi). The tensor 
i4{J) is called a tensor of type (i). 

Since the tensor property as defined by (7) is a property of the function 
A and not of its parameters, it follows that if A (x,-, dxi, is a tensor of 
type (i) then -4(x/, dx/, A/) is also a tensor of the same type; hence the 
tensor property is independent of the coordinate system. This also follows 
directly: By (4) we see that A is the transform of .4' under (T“^); thus if 
A is a tensor then (8) is true for all (T~^), whence by definition ' is a tensor 
of the same type as A . 


t Due to Professor A. C. Lunn. 
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Theorem. A tensor cannot involve Xi explicitly. 

Let be a tensor of type (i), the components being functions of Xi^ 
dxi, h^. Make the transformation x^—xl — where the are constants. 
Then dxxldxj —I{iyj)t I being the identity matrix. Then by (7) 

; I'l, • • • fVi) = * * * 

• • 'I(fii,vi)A{ai, - • • ,afc ; ^1, • • • ; J'l, • * • , ^'z) . 

Hence for each component /(jc*, dxi, AJ of we have 

/ j ^m) “ /(^t > daCj , A^) . 


By definition /'(x„ dXi, A^) =/(:r/ , drr/ , A/ ). Since jc/ = rr,+a< we have 


and by (3) 
Now 

dh; 

dxj 

Similarly 

Hence 

Thus 


dXi = dXi, 

h:(x') = Kix). 

_ y' r/i \ 

dx;“ ^ ^ "7^; * 

d^h; ^ 

dari“» • • • dxA*^* dxf‘^ • • • dx4®‘ 

/{Xi jdXi , A^ ) = "f" OriydXiyklj) , 

/(.Xi “f" ^ifdXif hfi^ = f(^Xifdx%jhfi^, 


Since the a* are arbitrary constants it follows that / does not involve .y» 
explicitly; hence the components of A^k) are functions of A^ alone. 

§4. Lemmas. 

For future reference we introduce at this point a few lemmas. 

Lemma I. 

dXa 


dXa dXy 
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This follows directly from the usual law of multiplication of matrices 
applied to 



using the well-known theorem on Jacobians.f 
Lemma II. 



dXy' 

dx0 


dXa 

dxfi 




This follows immediately from Lemma I by putting x" = x, or if preferred, 
by multiplying together the matrices 


Lemma III. 


\ dx! ) \ bXi ) 


i: 


bXa 

dXy 


dXy 


aXfi 


,Pr) = A(a,aypi, • • • ,pr), 


where A is any matrix of order r-f 2. This follows at once from Lemma II. 
§5. The group property of tensors. 

The tensors as defined in §3 satisfy the group property. By this is 
meant the following: consider two arbitrary non-singular transformations 
of variables 

(T) Xi = Xi{x'i) 

and 

(TO x! = xlixn. 


If a matrix A transforms under (T) to a matrix A ' according to 


( 10 ) 


A\pu 


,P«) = Yj 


dx, 




dXak dxi 


dx/, dx/ dXat 
A(ai, ■ • • 


.On ''Xu 

dxJ 


dXa 


and the matrix A' transforms under (T') to a matrix A" according to 


t Goursat-Hedrick: Mathematical Analysis, vol. I, § 29. 
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( 11 ) 


• • • ,p„) Z ~ 

Pl» • • ' ,0n fii 


dx'a, dx" 


"k+l 


dx\ 


Sx 

• • • ,0n). 


then under the composite transformation 

(T'T) Xi = x,[x;{xn] 

the matrix A transforms into the matrix A" according to 

dXv, dXy^ 


(12) 




,Pn) = 23 


dx" 


Pkj-i 


Tl. * • • .7n 

dx'\ 


dx\ 


dXy 


-A{yu 


jTn) • 


To prove the theorem it is merely necessary to substitute the of (10) 
in (11), and to note that by Lemma I 


? dx" 


dxp dXa 


dxi 


dXa 


Since, as just shown, mixed tensors satisfy the group property, it 
follows that all tensors satisfy it. 

§6. Covariant equations. 

For the sake of clarity it seems well to state at this point the object of 
the present analysis. This object is to find covariant equations of the 
linear differential forms 

( 1 )^ 2 li^JdXf,. 

M 


By a covariant equation of (1)' is meant an equation 

( 13 ) f{Xi,dxM = 0 

such that, for every transformation (T), the equation 

fW,dXi\K) = 0 

is satisfied whenever (13) is satisfied. It is to be noted that according 
to (4) this condition is that the transform /' of / satisfies 


whenever (13) is satisfied. 


f\xi,dxi,hy) = 0 
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By a set of covariant equations is meant a set 

fa{,Xi,dXi,hn) =0 (a = 1, • • • ,w) 

such that, for every transformation (T), the set of equations 

fa{Xi ydXi , A,* ) = 0 (qj = 

is satisfied whenever the first set is satisfied. Again it is to be noted that 
this condition is that all the transforms /«' of the /« vanish whenever all 
the fa vanish. 

We shall now show how the theory of tensors, as developed in §§ 1 to 5, 
permits us to find examples of covariant equations. 

By the equation 

^ = 0 , 

A being a matrix, is meant the set of equations 

^(mi, • • • ,Aln) = 0. 

If is a tensor, then i4 = 0 implies that ^ = 0 under all transformations (T) . 
Hence for every tensor A the set of equations ^4 = 0 is a set of covariant 
equations of (1)'. The search for examples of sets of covariant equations 
may thus be conducted by searching for tensors. It must be noted, however, 
that we have not shown whether or not there exist covariant equations not 
equivalent to tensor equations. 



CHAPTER II 


ALGEBRA OF TENSORS 


§7 Algebraic properties of tensors. 

We proceed to consider some algebraic properties of tensors. The 
sum or difference A±B oi two tensors B(% is defined as C where 

C(fti, • • • ,Uk; vi, ■ ■ ■ ,vt) s A{ui, ■ • ■ vi, ■ ■ ■ ,vi) 

± • • • ,/i* ; Ki, • • • ,vi). 

It follows immediately from the linearity of (7) that C is a tensor C(2). 

The product ABoi any two tensors A (i), B['^) is defined as C where 


C(^ii * * * f/im » riy • * *, Vjyj 0\ * * * > ri, • »rd 

= A(ni, • • • ,iim ; Vi, ■ ■ • ,Pn)B{(ru ■ ■ ■ , 0 . ; Ti, ■ ■ ■ ,r,). 


That C is a tensor follows readily from (7j. For e.xample, consider 

C=A(l)5(i). By definition 


A'{/i,p) 


z 


dXa 

dx' 


dxi 

dxfi 


■Aia,^) ; 


B\o) 


z 


dXy 




Hence 


Since 


A'i^,v)B\o) 


z 

a./3.7 


dXa 

dx^ 


dXy 

dxj 


dx! 


■A{a,p)B(y). 


C'{u,P,<r) = A'{ii,v)B'i<r) and C{a,fi,y) = A{a,P)B{y) 


it follows that 




dXa dXy dxl 


dx^ 


dxl dXfi 




which shows that C is a tensor C(J). The product of two tensors as de- 
fined above is called the outer product. 

We shall now define the term contracted tensor. For a tensor A\t)y 
k+l>0y consider the matrix C defined by 

C(mi, • • • ,M*-i \ri, • •• ,vi-i) = 5^ AQii, • • • ,Uk-i,P in, • •• .n-i.p). 
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It is readily shown that C is a tensor of type For 

• • • ,Mt-i ;»'i, • ■ • ;vi, • • • ,vi-i,p) 

P 


= E E 


p a„. .,«* 

-.fli 


dAv'*_, dx/ dXfi, 


dxl dxl 


•.4(ai, • • • ;/3i, • • • ,^i-i.0i) 


= E 


a,,.. , ak 
fix. ...fil-l 

^ dXak dx' 

filfp 


By Lemma III of §4 

fihP ^^p 


dXfi, 

dXa^ dXy 


■^(ai, • • * ; ^1, • • • 


•fii 


-A(aiy • • • ,ak^i, ak ; • • • ,lii-ul3i) 

= yl(ai, • • • ,ai_i,aifc ; • • • ,pi^i,ak). 


Hence, setting aifc = <r 


• ,Vl-\) = 2 

“l. — 1 

dXa, 


dx/, 


<r 

* O’;/?! 

1, ■ • • , ^1-1,0 

V 


ax',, 

^ ^ / 

- .a*— 1 crac 

.fil^l 


dXff, 

dxl 1 1 

• ,«*_! ; (8i, 



which shows that C is a tensor Cllz\], It is a once contracted tensor of 
This process is called contraction, with respect to ixk, vu Contraction with 
respect to two indices /xi, /i 2 or vi, v% of the same character, does not yield 
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a tensor, and is of no interest to us. Therefore the term contraction will 
always imply that the indices are of opposite character, that is, one of 
covariant, and one of contravariant character. It is evident that we also 
obtain a tensor of type (il}) by contraction with respect to any of the hi 
pairs /x„ Vj, It is an immediate consequence of the theorem just proved 
that by contracting a tensor A [JJ successively k times we obtain a tensor 
C(Sj, which is an invariant. 

We shall now define the term inner product of two tensors .4 -8(n)- 
If we contract the tensor 5[n) successively w+w times we 

obtain an invariant C(2)\ an inner product of A and B. Since it is possible 
to choose the pairs of indices with respect to which the successive contrac- 
tions are made in arbitrary fashion there exists more than one inner product 
of A and B] in fact there are (w+w)! such inner products, all of which 
may be distinct. 

Consider two matrices A and By of order 2. We shall denote by {AB) 
the matrix obtained from A and B by ordinary matricial multiplication. 
Let A^y B\ and (AB)' be the transforms of A, By and (AB) respectively. 
It follows that 

(ABY = A'B'. 


For, let 

• • • ,^^14 

A ^ ^ = 

«41| • * • ,^44 

^ 1 OflxhiXy • • • , ^ ^ 

\ % 

{AB) = • . • 

^ ^ fl 4 i 6 »l , ’ * * I Qr^xhi^ 

\ » 

According to the law of transformation of a matrix (§2) 

(III > ' ' * b\\ y • • • yb\l 

\ , B' • • 

(^Al > * * • >^ 44 ^ 641 > * * • >644 


blly • * * ,614 

^41, • • ' »^44 


where a*,' is the transform of and b,' is the transform of Hence 

^1* ^*1 > ' * ' 7 S 

t i 

(A'B') = • • . 

^ 4 .' , • • • , ^ 4 »' bii 
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Also 





^ Z ^ > ■ ■ ■ 





(ABY = 

• 


• 









Since 










^ Z ^ = Z «; 

ibjy 



as is apparent 

from 

the law (4) for the transformation of 

a 

function, it 

follows at 

once 

that (ABy = {A'B'). 




The matrix 

A is said to be symmetric in p,, pj if 



A(pi, 

* ‘ * » 

Pi> 

>P?> * * * >Pn) 4(pi, 

fPh * * * , 

Pf, 

• ■ ■ ,Pn). 


The matrix A is said to be antisymmetric in p,, pj if 


^(Pl) * * * jPM * * ’ iPh ’ * * »Pn) A (ply • • • ypjy ’ * * , p , * * * , Pn) • 


The matrix A is said to be completely symmetric or completely antisymmetric 
in case it is symmetric or antisymmetric respectively in every pair p,-, p,. 

It follows at once from the definition of transform that if .1 is a sym- 
metric or an antisymmetric matrix, then J ' is a symmetric or an anti- 
symmetric matrix, respectively. For if J(a, pj)—A((iy «, pJ it follows 
from (4) that the A' satisfy the same relations. These definitions of course 
apply in the particular case where A is a tensor. 


§8. Reciprocal of -4(2). 

Consider a particular covariant tensor of valence two, 4^,^, with 
det Let B = A'^^ represent the reciprocal of the matrix A; then 

(AB) = I, We shall show that ^ is a contra variant tensor of valence two. 

By § 7, (ABy = (A^B'), But (4B)' = /'=/. Therefore = 

We have 


By (5) 






a./3 


dXa 

dx' 



Hence 


dXa dXfi 
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Multiply each side of this equation by 


dx'f, 

dxt 


B(8,y) 


dx^ 

dXy 


and sum as to S, 7, /z. We then have 

N r>/c. \ XT' A 

^ 22-- 22 — - 22 B{8,y) S 

i 6 OXs 0 dXi y a,n dx^ aXy 

^ dXp _ dxj[ 

= ^ -8(5,7)22- — 

3.Y ^-^5 a 

By Lemmas II and III of § 4 this becomes 


_ dXp dxl 

B'iPyV) = 22 — 5 ( 5 , 7 ), 

5.7 ^**^5 ^-*^7 


which shows, by (6), that B = A’~^ is sl contravariant tensor. 

It is interesting to note that, with the commonly accepted definition, 
the reciprocal of the matrix of (1) is not a contravariant tensor as might 
be expected from the results of this section. For the reciprocal in question 
is 



A; 


That this is not a contravariant tensor is seen by applying the trans- 
formation 

x{ = Xi + X 2 


xi = Xi — X 2 
xl = Xz 
xi = X4 . 


§9. Existence theorem. 

In preceding sections we have defined tensors in a general way, and 
have discussed some of their algebraic properties. The question naturally 
arises as to the existence of tensors of various types. In answer to this ques- 
tion we shaU state and prove the following theorem: 
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For every pair of indices m, n, there exists a general tensor of type 
a Junction of 

By a general tensor of type (S,) we mean a tensor ^4(^3 whose components 
as functions of the Xi are arbitrary except for the condition that the tensor 
is non-degenerate, that is, that for every choice of w+w — 1 indices the four 
components corresponding to the remaining index are not all identically 
zero. 

We shall first consider the case where n = 0 ,m 9 ^ 0 . For w = 1 the theorem 
is obviously true, for the covariant tensor of (1) is arbitrary in the Xi by 
definition. For the general m we proceed by induction. Suppose the 
theorem true for w— 1, that is, that there exists a general tensor 
In proof consider the expression 

(^4) ylpj, . . . + ’ * * + Dfn, . . . 

where yl, B, C, D are general tensors of type (w^i), and ilf, TV, P, Q general 
tensors of type (?). It follows from § 7 that this expression is a tensor of 
type (ot). We wish now to show that this tensor (14) is general, that is, 
that we can choose A, B, C, D, M, TV, F, Q such that the components of 
(14) are arbitrary functions (except for the condition mentioned) of Xt, 
say T(Mif • • • , Mm). To this end let us choose the arbitrary components 
A, •••, Qin the particular coordinate system in which the ^(mi, • * • , Mm) 
are given, as follows: 

M = 1 , 0 , 0,0 


TV = 0, 1,0,0 



P = 0,0, 1,0 



e = o,o,o,i 



• •• ,Mm—l ~ P(m1) 

7 Mm — 1 , 1 ) 


. . • .Mm-l = T(/Hl, ■ • 

, Mm— 1,2) 

c,,.. 

. .. ,/Jhn-l = T(fli, • • 

• , Mm— 1,3) 


. .. .Mm-1 = ■ ■ 

’ , Mm-1, 4) 


Then the components of (14) are r(Mi, * * * , Mm), as was to be shown. 
To complete the proof it is necessary to note that since by hypothesis the 
tensors ^4, ••*,(> are non-degenerate, the particular choice we have 
made is legitimate. 
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The proof of the theorem for w = 0, is completely analogous to the 

proof for «= 0, after we establish the existence of a general contra- 

variant tensor of valence one, which we proceed to do, first introducing the 
following lemma. 

Lemma: There exists a contravariant tensor of valence two, 5'*" 
whose components are functions of the rr,*, arbitrary except for the con- 
dition det 

For let r be a matrix of the second order whose components are func- 
tions of the nr,, arbitrary except that det then det By the 

theorem for aj = 0, there exists a covariant tensor Now 

by §8 we know that there exists a contravariant tensor = But 
A~^=T; hence which proves the lemma. 

Now consider the expression 

(IS) 2 [A^’M, + + C'-'P, + D'‘'QA , 

V 

where .4, B, C, D arc tensors of type (o), arbitrary except that their de- 
terminants are all not identically zero, and M, N, P, Q are general tensors 
of type (?). It follows from §7 that this expression is a tensor of type (i). 
We wish now to show that this tensor (15) is general, that is, that we can 
choose Ay • ‘ , Q such that the components of (15) are functions of the 

Xiy say T{fjL)y arbitrary except that not all are identically zero. To this end 
let us choose the arbitrary components of M, Ny P, Q as follows: 

M = 1,0, 0,0 

N = 0, 1,0,0 

P = 0,0, 1,0 

e = 0,0, 0,1. ^ 

Then (15) becomes 

(15)' A^^^ + B^^ + 

Since not all the components T(fi) are zero, suppose that r(l)?^0. Now 
choose A, By C, D as follows, in the same coordinate system: 

= r(l), 0,0,0 

= 0,P(2),r(l),0 

= o,r(i),r(3),o 

= o,-r(i),~r(i),r(4). 

Then the components of (15)', and hence of (15), are T{ii)y as was to be 
shown. To complete the proof it is necessary to note that our choice of 
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M, N, P, Q and oi A, B, C, D is legitimate, for we can easily choose 
A'‘' C'‘’'(v9^3), Di“' (»'7^4) so that det i4?«0, det 

det Ct^O, det 

We have thus proved the existence of a general contravariant tensor 
of valence one, and hence according to our previous statement the theorem 
is true f or j« = 0, « 0. 

If and also n?^0, the theorem is proved in exactly the same man- 

ner. For we first obtain a general tensor of type („) as follows: 

.4(^ = Aim)M -I- • • • + Dim)Q ; 
next a general tensor of type („) 

^ (m) — (m) I ' * I ^im) ^ > 

and so on. 

To prove the theorem for the remaining case {m, n) = (0, 0) we con- 
sider the expression 

Z apb,, 

where -4, B are general tensors of type indicated. This expression is a 
tensor of type (J), i. e. an invariant, by §7. Choose 

A = 1,0, 0,0 

B = r, 1,0,0 

where T is arbitrary. Then has the value T, which is arbitrary. 

Hence we have an arbitrary tensor i4(S) of valence zero. 

Corollary, For every pair of hidices tw, w, there exists a tensor A\m) such 
that A '[w) a general tensor. 

For consider the general tensor 5(mj, and let Aim] be the tensor ob- 
tained from by the transformation (T^O; then B[m\ = A'[m) which 
shows that A^\m) is a general tensor. 

§10. Quotient theorem. 

We have seen in §7 that 

E ( n+r ) \ 

A(fn+p') ' * ’ i'^p > *^1 » ’ * ‘ * ' ’ >Pv 

Ml .' • * .Mm 

*!.••• .►n 

-0(n+«) (>'1, • * • • • • ,0-, ; Ml, • ■ • ,Mm,ri, • * • fTt) — 
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We wish now to prove a quotient theorem: 
If for every tensor A 


(wi+P) (MI > * ‘ * * * ’ yT^p f 9 * * * ... ^ p^) 


PI,'*' ,Min 

•'I • l**!! 


^(^ly • * yVnyfTiy • • * , (T, ) Pi , • • * ,Pm,ri, ' ' ' ,rt) = C(7r,ff ; p , 

a tensor of type (p^J) then B is a tensor of type (n+J). In the proof we 
shall let represent E d^ajdx\^ • • • dxa^fdx\^, etc. By 

a 

hypothesis 




^ dxe dXg dXp dXr 

C (r,<r ; p,t) = £ " - 7-7 — T — C(e,K ; i,\); thatis 

oxr dx; dx, dxx 

£ A'(p,ir ; v,p)B'(p,a ; p,r) 

P.V 

dXQ Sxk dXp dxl 


= E 


B ,v ^XiF BXg SXi BX\ 

dxe dXg dXp' dXr 


AiuyO ; y,i)B(y,K ; 


= E 


dxj dxi dx, dxx 
Also by hypothesis, using ( 8 ), 




, , „ . ^ dxj^ dXy dxa dx, 

Aia,e;ff,.)= J: A'{p,y,p,S). 

n.y.y.8 OXa 0X0 0X1 dxi 

Hence 

5^^'(p,7r;j/,p)5'(^,cr;p,r) 

p.»' 

^ dxe dXy dXt dXp dx^ dx^ dXp dxl 

“ E rr T"" rr T~ r"7 r~7 t~ «:«A) 

e,i.K,\.a,$0X9r 0X6 oxs OX, dxl dxi dXa dx\ 

ii,y,v,S 

— dXfi Oxk dXp dxi ^ ^ _ dxedxi dx, dxi 

p,y,fi,K,a,xdXu dxi dXa dx\ B,i,y^dxii dx^dxi dx. 


By Lemma II, § 4, 
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Hence 


M.i' 


^ dx^dXa dxi 

p)B (v,a;fi,T)= ~ —-A'(li,T ,v,p)B(^,K-,a,\), 

^.p.0.,,a.\°X; dXi dXa dX), 


or 


JlA'ip,v;v,p) B'{v,a\p,T) - 

L /S.it.a. 


dXfi dXg^ dx^ dxi 
X dx! dxi dXa dx\ 


B(p 


,#c;q£,X)J = 0 . 


Since by hypothesis this is true for every A, and by § 9 -4 is general and 
therefore A' general, we may conclude that the quantity in the bracket is 
zero, i.e. 






dXff 

dx! 


dx^ dxl 
dxi dXa 


dv' 

dx\ 


which is the condition that ^ is a tensor C*', o’; M, t-). 

§11. Association of tensors. 

Let g( 2 ) or represent a symmetric covariant tensor of valence two 
with det g 9 ^ 0 ; then by §8 there exists a tensor which is the reciprocal 
of g^v. 

Consider a tensor Let us form the outer product g( 2 )/l(m) and 

contract with respect to one index of g( 2 ); since g( 2 ) is symmetric it is im- 
material which of its indices is used. The result of this operation is a 
tensor there are clearly n such tensors (which are distinct unless 

-^(m) symmetric in a pair of the n indices of contravariance). This 
process may be performed successively n times. Instead of employing 
g( 2 ) we may employ g^^^, and perform the operation up to m times. In 
this way we obtain a set of tensors which we shall call associated 

tensors. Given any two associated tensors yl we can 

obtain the second from the first by successively multiplying by g( 0 ) or g^“^ 
and contracting with respect to the proper indices. 

In § 6 we saw that by equating a tensor to zero a covariant equa- 
tion is obtained. We shall show that the equation 


is equivalent to 


A 


(n) 

(m) 


= 0 


A 


(m+n—Jfc) 

W 


= 0 , 


that is, that the same law is obtained by equating to zero any one of the 
associated tensors. In this fact lies the chief significance of association of 
tensors. 
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To prove this proposition it is sufficient to show that J(") = 0 is equiva- 
lent to = For simplicity we shall consider a tensor 

extension to the general case is obvious. If A^^'' = 0 then obviously 
y]u = Conversely, the second implies the first; for the deter- 
minant of the last equations in the .1^" is (det which is different from 
zero. 



CHAPTER III 


DIFFERENTIAL PROPERTIES OF TENSORS 


§12. The Christofel symbols. 

Before treating the differential properties of tensors it is convenient 
to introduce two symbols commonly used in Differential Geometry; 
these are known as the Christofel symbols: 


(16) 

(17) 



It will be readily seen by (23) that these expressions are not tensors. They 
have several properties, which we proceed to write down. Clearly each is 
symmetric in )u, v. From (16) 

^ 1 dg,, 

Lv J 2 dx^ 

From (17) 

y \ p f 2 ^ \dx„ dx^ dXa) 


Due to the symmetry of g"® 


hence 


V.a U,\y 






(18) 


\=- Er~- 

y 1 / 2 „,a dX^ 

From 

(16) 


(19) 

L <T J L v J dx^ 

From 

(17) 




Z g»- -j = Z 

<r \ (T ) a, a Loj J 
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By a change of indices this becomes 


( 20 ) 


= l^g^rai >. 
L O' J « V a ; 


From (19) it follows that [^"1 = 0 implies g^p = constant. From (20) it 
follows that {a*'} =0 implies = constant. 

Now consider two tensors and and let be defined by (16) 
with in place of g^„. Then 

( 21 ) r""'] - r""'] = r""'] . 

Lo-J L 0- Jff L<rJo-li 

Consequently [^*']= implies g^v = |^v+ constant. 

§13. Partial derivatives of the transformation. 

We have the relation 


(22) 


^ dxi dX] 

gfiv = 2-r 777 ■ 

I ^ j d X ^ dXy 


We wish to obtain the second derivatives of the Xi with respect to the 
xj in terms of the first derivatives of the .Vi and the Christoffel symbols. 
Differentiating (22) we have 

dXj ^ d^^Xj ^vA ^ dg,/ ! 

dxi dxi dxi dxi dxi) dxi J 

Since gt, = g;* we may interchange i and 7 in the second term of the paren- 
thesis. Noting also that 

dgii ^ 

dxi k dXk dxi 
the above equation may be written 

dg^^i _ y^r / dg<,n 

dxi dXy dxi dxi dxi) diX^jfeJ 

Similarly 

dx 


H 


a _ r / d^Xi dXf d^Xi d:ry\ dXj dXk dXi dg/*"! 

i i./.aL \da;/drr/ dxi dxi dxi dxi ) ^ dxi dxi dxi d;r,J* 

_ y^r / d^Xi dXj d^Xi dXj\ dXi dXk dx, dg«"l 

i,j,lf\dxi dxi dir/ dxi dxi dxi ) “^ dxi dir/ dxi dx^j 
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where in the last terms we have changed the order of the summation 
indices i,j, k. 

If we add the last two and then subtract the first we obtain, using (16), 
and noting that 

d^Xi d^Xi 

dx^ dxl dxl dx^ 


(23) 

Hence 


a»'T_ y, y O'l 

, ff J i,j^''dxjidx! dXt i,j,k bxl dxi dx,'L^J 

d^Xi dxj _ r ah'Y y, dxi d**!" t H 

i,j^'’dxidxl bx, LirJ i,i,kbx^ 


dXf 

Multiplying by g'”" and summing as to p and it this becomes 

dXf 


(24) 


dXe bXj d^Xi 

2- io— —Jg ’^r-yr, 

,j,p,9 dXp dXp uXfi OXp 


dj:.rp»/Y 

7= 

¥ p,ff dXp L cr _ 


- Z 


dxi dXjF ijldXe dxk ^ 
dXp dxl ^ k ^dxl dxl ^ 


Since g*’ is a contravariant tensor the first member becomes 

d^Xi d^Xp 

"" TTTT ' 

i,i dxl dxl dxl dxl 

The first term of the second member of (24) becomes, by (17) 



The second term becomes 


i,i,k dXp 



i,i dxJ, dx; \ e ) 


Hence (24) may be written 


(25) 



y, dXi dXj 

i,j dxl 



which is the desired result. 

To find an expression for d^xl Idx^dxp we proceed similarly, starting 
with the expression 


dxl dxl 
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We obtain 



d’^x! 


dx! 

~ + 


dxi dx,' dXk 
2-1 T"' 


dx„dx, dx, i,j,k dx„ dx, dx, 


[•/]' 


We multiply by /dx^^ sum as to p and a, and proceed as before, 

obtaining 


(26) 


d^Xe _ ^ 

dx^dXu p dXp { p ) t,j dXp dx,\ e j 


§14. The mixed Riemann-Christof el tensor. 
By (25) 


d^Xe 
dx^ dXp 

and 


d^Xe 
dxx dXp 




'dx: dx: l e j 



From the first of these differentiated with respect to x\ subtract the second 
differentiated with respect to xj : 


(27) 


dx\ dxidXp 


dh\ 


dx! dx\ dXp 


E 


d^Xa 
dx! dx: 



+ 



d-X, I ay I 
dxi dxx 1 c / 


+ 



dxj 

dx: 



- E 

a,) 


d^Xa 

dx: dx: 




d^x, jgyT 
d.Vx^a:,' I e ) 



E 


d^x, I /i I' ■» 
dxx'dx/i p f 


+ 




d pxy 

dxi \ p } . 


E 


d^x, j p\ i ' 
dxtdx! \ p 1 
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The second and fifth terms of the right member cancel each other. The 
third term may be written 


^ dXa dx, dXk d (oij'i 

a.,,k dxi dXk dxi SxicX e f 

and the sixth may be written 

_ dXa dx, a 

a.j.t dx^ dx! dx\ dXk \ c f 


Hence the right member may be written 
„ dXa dx, dXk 


a.,.k dx! dx! dx! 


k / d ( ak\ a i rt n \ 

' \ dxj \ e ) dXk \ e f / 


+ 


jmkw d^Xn dXk d^Xm dXk \ 

m.k 1 e j\dx!dx! dx! dx!dx! dx! / 

+ E 


dx, 1 

i a I pi' ) 

1 

1 

(pXI 

dx! 

< dx! 1 P i 

bxl 1 

t p » 


p dx! dx! V P / p dx! dx! I P 1 
Now by (25) the second term may be written 

_ Iwi'kr _ dx,n ( V dXk dXi dx, I ij\ dXk 

t c f L p |8 / ~ ^ 

dxm f pX y dXk „ dXi dXj ( iyi dXk "j 

3 t /3 / dx! i,, dx! \m)dx! J’ 


? dx! 


and the last two terms may be written 

ptpj\7'l/3 / dx^ ~ ~d^K e )/ 

_ — ( pX ) Y V f P'’ )/ dXn, dXk 

p t p / \ “7 t /3 I dx! Zi dx! dx!\ e )) 
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Hence the right member of (27) is 


- E 

+ z 


y 

6xi 

6Xj 

dXk 

%,2,k 

6Xp 

6x1 

dx{ 

6xi 

6xj 

&Xk 1 

^nik 

1 6xp 

6x1 

^xi ' 

i e 

6xi 

6xj 

bxk 

(fnj 

6Xp 

dx! 

^xi 

1 e 


^,m,k dxi dxt \ e j \ f y J^\d^\ P j p f ) 

7? I p M /3 j l^fx p i \pj 

p,m,k dXp dX\ I p j V e j p,rn,k dXp 6x1 \ P / I ^ / 


Ihe fourth and ninth terms cancel each other, and the fifth and tenth 
likewise. Hence the right member of (27) is 


dxj dxj dXk r 6 I ik\ ^ ^ i ^ A V i 
i, 2 .k 6Xp 6x1 6x\ L 6Xj t C / dXk t e j m Iw 11 e / 

_ y r ^ ^ 

m I w j I e j J “ 6xXld^~\ pi P 1 

• ?(',T)',‘i- ¥(';(T;i'] 


Let us now define 


» -L{-;}(';h¥ an 

-f- ^ i'^^\ — ^ 

dx, \ p f dx\ Ip/ 
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Then (27) becomes 


S^x, d’x, ^ dxe r ,, 

(29) -E 

Bx{ dx! dxj dxi dx\ dx^ p dx^ L 

- £ ^ ^ ^ ] 

tijtfcfi dXfi 3xp Qxi J 


Now, since the left member of (29) is zero, it follows that 

_ dXi dXj dxk dxi 

= Z 

dxi; dxi 

Hence i?(p, v, X, p) is a tensor this is called the mixed Riemann- 

Christofel tensor^ and is of fundamental significance in the Theory of 
Relativity.! This tensor is evidently antisymmetric in v and X. 

• 

§15. Covariant difcrentiation of tensors. 

We now come to the consideration of differential properties of tensors. 
Let be a covariant tensor of valence one. Then 

(30) 

fg u 


Hence 


dXa dAa 


ni'i _____ = V “ A I Y' ___ ° 

^ ^ dxi ~ adxidxi " a dxi Oxi 

Substituting in the first term of the right member according to (25) this 
term becomes 

a,p t p ; dXp dXp dx„ \ a ) 

By (30) the first term of this last expression is 




The second term of the right member of (31) may be written 
_ dXi dAi — dXi dXj dAi 

i dxf dxi t,j dxi dxi dXj 


t For the method of this section see Juvet: Cakul Tensariel, 1922, p. 63. 



LAW OF GRAVITATION IN RELATIVITY 


33 


Therefore (31) becomes 

dA^ ^ ^ _ dXi dXj _ dxi dxj dAi 

JxT ~ „ \ a ~ ^ ‘rial “ 

Hence 

- e - ^r-- rr'ki 

«»,' . \ / t; ax; ax:lax, .(a I J 


By the last equation of §2 this shows that 



is a covariant tensor of valence two. 

We note in passing that dAJdXo is not a tensor; for if it were then by 
(32) it would follow that a tensor, and then by §7 that 

I V } is a tensor, which, as stated in §12, is not the case. 

Now let A^{hi) be a contravariant tensor of valence one. Then 


Hence 




(33) 




bx 


d\vi ^ dx: dA" 

A'‘ + E ; 

dxJ dXa a dXa dxJ 


The first term of the right member may be written 


By (26) this equals 


E 


d^xi dxp 


dXfi dXa dxi 


^(ap yxi ^ ^ I O'V 

«i^iP ' P / dXp OXff dXa V j dXff 

z ^ J- e{“' W - E ■'}' r ^ ^ • 

J,i dxJ dXi ait) a,i.fdXa{ V ) 0^X0 dxJ 


The last term of this expression is 
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The second term of the right member of (33) may be written 


dXp dxff ^ dxj dXj dA^ 

a ./3 dXa dxJ dXfi dx,' dxJ dXj 


Hence (33) becomes 
dA' 


V — — ' — - 

dxJ Tt dx' d.r. „\ii a\ V ) dxi dxJ dxf 


dx 

Therefore 


dxi a I I' j f., dXi dxi Ld.r, « I ^ / - 


dx, 

This shows that 


X)A‘' __ dA* 

^Xa dXff 




is a mixed tensor of type (}), covariant in o*. 

By direct extension of this process we find that for a tensor A{hi) of type( 


(34) 


25^*'!.... .I'- *»'» 




dXa 


'}t*m 


_ v' 

Z-/ Z-r ) f f*if 

tT= I a K (X ) 

+ t Z {“‘'K':: 

t=l a V J't » 


is a tensor of type ( w+i), covariant in • • • , //m, 
If m = w = 0 we shall define 


^A 


(n) 

CO) 


dA 


( 0 ) 

(»; 


2):r^ 


dXo 


§16. Order of covariant differentiation. 

The question naturally arises whether the order of covariant differen- 
tiation is immaterial, that is whether 


(35) 



is zero. We have, by (34) and (32), 
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The sum of the first five terms of this right member is symmetric in v and X. 
Hence (35) has the value 


or by (28) 





(36) 2^1^^(M,*',X,i(3). 

a 

We see by (34) that (35) is the difference of two tensors of type (3), 
and hence (36) is a tensor of type (3) . Hence by the quotient theorem of 
§7, R{fjLj V, X, jS,) is a tensor as was proved in §14. 

Hence we have shown that a necessary and sufficient condition that the 
order of covariant differentiation of a tensor of type (?) be immaterial is 
that the mixed Riemann-Christoffel tensor vanish. 
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§17. Properties of covariant differentiation. 

Having defined a type of tensor differentiation we now consider some 
of its properties. Evidently 

T)(A ± B) ^ 

Tix, ~ ^x. 


For every two tensors A J5|‘) it is true that 


(37) 

For 


^A 

A - — + i}- 






S)x, 


B, H A, 


35 a:. 


3*, 


dXt 


+ • • • .fim 


- 1 

»-l a \ a ) 

I ( -^Pi. • • • + M 

»"1 CK \ / 




'V. 


+ i: 

i-l a \ Vi ) 

t-»l a \ / 


T 35.4^ , VBp 

= Bp \r A u 


Consider now the co variant derivative of the general symmetric 
covariant tensor of valence two, g( 2 ), and of its reciprocal 


3 )gM> ^ 

dXff 


By (20) this becomes 




gpta • 



which by (19) is identically zero. We therefore have 
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Consider now 
(38) 

We have 


(39) 




On the other hand by (34) 


ZlgM-g'’' == gl = f- 


~ ^g>“’ <-N ^ trs ~ ~ 

, T-V, , Ti;r, , ®a:. 




=1- ?{:}*■+ ?r:K 


Now 


dg, dl 


dx, dx. 


= 0 , 




Hence 


©Jr, 


= 0 . 


Therefore, in view of (38) we have from (39) that 

^ g^' ^ ~ 


S)*, 


from which it follows from §10 that 




= 0 . 


We now have the results 

©g;.' 


(40) 


©*, ©*, ©*, 


= 0 . 






_ ©^4,, _ , ©£[Xrt 

= l^gi^-x— 1- 

9 1 !©^ff 


By (37) 
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The second term on the right is zero by (40). We also have 






El?'"* 




+ E 

Mi 




in which similarly the second term on the right is zero. 

Hence for every tensor the operations of association and covariant 
differentiation are commutative. 


§18. The quadratic differential form. Fundamental tensors. 

It follows from (2) that dx{ = dxi, • • • , dxi) is a contra variant tensor 
of valence one. Consider now the quadratic differential form 

^ ^ ^ikvdXfidXp ^ 

M.» 

being the symmetric covariant tensor of valence two which we have 
been studying. It follows from § 7 that this function is an invariant; this 
quantity we shall call 

(41) ds^ = giivdXf^dx^, 

It should be noted that the equation (22) of transformation of g^,p 
is the same that we should have if we took (41) as the fundamental form 
of the tensor theory and applied (T) to it as we did to (1) in § 1. 

In the Theory of Relativity the form (41) defines the geometry of the 
4-dimensional space a‘i, • • • , a :4 in the sense of the theory of spaces as 
developed by Gauss and Riemann, in which the properties of a space 
are equivalent to the properties of a symmetric quadratic differential 
form. Thus ds^ is the square of the differential element of length 
and the length 5 of a path C from a point Pi of the space to a point P 2 of 
the space is 



The existence of this integral will not be discussed here. 

A, fundamental tensor is defined as a tensor which is a function of only 
the gup and their derivatives. Examples of fundamental tensors are the 
following: 

g% =g„v covariant of valence two 
g-isEgMy contra variant of valence two 
I invariant, and also mixed of type ({) 

ds^ invariant 
of type (3) 
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Other tensors are 

dx contravariant of valence one 

Am covariant of valence one 

We can introduce two theorems that enable us to form new tensors 
from given ones. 

I. If A (hA is an invariant then dA is an invariant. 

For A^ = A implies that dA* = dA. 

II. If /1(0)(A,) is an invariant then dA/dx^ is a covariant of valence one. For 




dA' 

dA 




dx; 

dx'f. 


since A'==A. 

Therefore 





dA' 

dA 


dA 


dxj 

dx; 

. dx'~ 

dxi 

But by § 2 


(--Y= 

dA' 


Therefore 


\ dx^ ) 

dxJ 




& 

dXt 

dA 

dXi 


which shows that dA/dx^^ is a covariant of valence one. 


§19. Fundamental tensors. 

It was stated in § 6 that our object is to find covariant equations of 
(1), and that this is to be accomplished by finding examples of tensors. 
The problem can now be made more definite by limiting the tensors sought 
for to fundamental tensors. 

It is to be noted that the results of § 15 enable us to form covariant 
partial differential equations by equating to zero the covariant derivative 
of a tensor; but we cannot obtain such equations by covariant differen- 
tiation of the fundamental tensor g^yy since by (40) the covariant derivatives 
of gtiy are identically zero. 

§20. Additional properties of g,^y. 

We shall consider in this section some additional differential properties 
of g,,y. Now gf^’'=l/g adjoint gf,y, and therefore adj g^p = gg'*\ Let us 
expand g according to the elements of the juth row : 

g=^g,iy adj terms free of g^y. 

We note that adj g^y is free of g^y. Hence 

dg=adj g^y dg^y+tevms free of dg^y. 
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Since this is true for all values of n and v we have 

dg = adj g^dgf^,. 

M.*' 

Also 




g 


Replacing g by in this we have 

T.g.^g'“^ 

M.- g 

Hence 


g 


( 42 ) — = Yjg'"''dg^, = - J^g^Jg^". 

g M.l' H.v 

We also have 

11gc.fg^^=T(ot,y). 

a 

Hence 

Z gatldg^'* = -X) g^'^dgap . 

^ 0 


Multiplying by gyi and summing as to 7 , 

ga»gytdg^ = - X3 g^gyidg„ff = - XZ difi,d)dg„^ = - 

/9.T /3.7 /J 

Let be a symmetric tensor ; then 


- X^ B’^^dga, = 53 ( 2 gy»ga»B»’> = X] 

a. 8 /J,7 \ a. 8 / /9.7 

where is defined as the associated tensor of Hence 
X: B'^’dg,. = - E 


In developing the formulae obtained in this section partial differen- 
tiation with respect to x\ may be substituted for the differential operation. 
We thus have 


^ ^g ^gliv 

g d3Cx dxx 


E -B"'- 


3a:x 


Z fM- 

M.l' 


fla:x 




gg**- 

9x\ 
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We obtain another relation as follows: by (18) 


Hence 



2 dxx 


(43) 


M ( M ) 2i 




1 d\/-g 


2g dx\ V— g aa;x 


dx\ 


log V - g, 


where we have used —g because, in fact, g is always negative in the 
physical applications. 

§21. Divergence of a tensor. 

By a divergence of a tensor J we mean a tensor of type 

derived from A by contracting its covariant derivative with respect to the 
index of differentiation : 






Clearly there are n such divergences of A. For example the divergence of 
the tensor ^4 *' is by (34) and (43) 


?r>] 


_ 1 _ d _ I d 

- Z H — zz: Z zr—V'-g = ^zz: Z zt" V-g) . 


dX, V—g a dXa 
which is an invariant. Similarly 


V-g , dx. 


- -Lr E ^ 

V g P dXp \ 0( j 


By (17) the last term is 
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If Z)a ^“^-4 a is symmetric this term reduces to 


and we have 




VpA^ ~ "“T (Afi\/ g) “ g** Ac 

V—g p dx, 2 ^,a,0 dXf, 

By § 20 we may write this 


V pA u ““ 


1 




z ^ w i z -^s^: ■ 


dx^ 


2 p,a.fi ^Xft 


* 



CHAPTER IV 


THE TENSORS Rp^ux AND 


§22. Flat space. 

A space S defined by the form 

(41) di* = ^ gM,dx^dx\, 

fi.V 

where the are given functions of the is called flat if (41) is equivalent 
to a form with constant coeiTicicnts. 

A necessary and sufficient condition that S he flat is 

rU = 0. 

That the condition is necessary is evident at once. For by hypothesis 
there exists a (T) such that the gl^ are constants. Hence by (16) and (17) 
{'irj =0. Hence by (28) But since R%x is a tensor it follows 

thati2J,x = 0. 

That the condition is sufficient will be proved in § 24. 

§23. Pairs of quadratic di fferential forms. 

We shall state and prove two theorems. Consider two quadratic 
differential forms 

(41) ^ ] gfipdXfid Xy y 

and 

^ ^ gfiydXfidXy y 

and a non-singular transformation 

(U) Xi = Xi{xiy • • • ,^4). 

Let us assume that 

( 44 ) — 23 

dXpdx, p dXf I P / flip fli. I e / 

Let (U) transform (41) into 

fpydxpdx.. 
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Let then 


dXi dxj 

g/ty ”■ 2-^ 


dXfi dXy 

Now by the method of § 13 we find that 


^ dxe 


dXudXp 


dXp 


I, 


- £ 


dXi dXj (ij 


0 ( 2 ) 


dXa dx 


- E - 1'" 

p^ff uXp 


Xy \ e ) 

[:i ■ 


Hence by (44) 


E-r-r" 

0,a djjn 


[:]- =“■ 

^ *^(2) 


SO that = therefore, by § 12, = constant. Thus |pK=/M»+con- 

stant, which is the first theorem. 

Consider now two forms 


and 

(45) 


X inydx^dx Vi 

f*.v 

^ ^ f tivdXpdx Vi 


and suppose that {'ir}*'(s,= {'‘p'Iasi- Let (U“‘) transform (45) into 

(41) E g^ydXf^dXy. 

fi.V 

Then (U) transforms (41) into (45). By (25) we have 

d^Xe __ ^ ^Xe ^ dXx dXj J 1 

dxtidxy p dXp 1 p ff( 2 ) i ,7 dXp dxy \ e f 

But since { 71/(2) “ {7}j(2) equation becomes exactly (44). Hence by 
the preceding theorem 

gtiv= //iv+ constant. 

Thus implies =/^, + constant; the converse is 

clearly not true. 

§24. Equivalence of quadratic differential forms. 

Let us determine the condition that two symmetric quadratic differen- 
tial forms 

E g^ydx^dx,, det g^, 9^0 ; 

lt,v 

apydXpdXyy 


(46) 


dpy = const. , det d^y 7 ^ 0, 
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be equivalent, that is, that there exist a non-singular transformation 
connecting the two forms.f 

If the forms are equivalent there exists a non-singular transformation 
(U) which transforms the first into the second. Then by (25) 


(47) 


d^Xe 

dXp^dx, 


OXp { P ) “(2) OXp 




dx, lei 



since {7}"(2) = ^* Consider (47) as first order partial differential equations 
in the unknowns dxjdxj and independent variables Jf». By a well-known 
theoremj we know that if (47) is a complete system there exist 16 quantities 
dxifdxj of detp^O satisfying (47); these 16 quantities furnish by direct 
quadrature a non-singular transformation (W). A sufficient condition that 
(47) be a complete system is 

0. 

dXxdXpdXp dXpdl'xdXp 


By (29) this becomes 


_ dXj dXk e 

2^ — - — -* = l). 

t,jik OAp Xx 


Thus RJvx = 0 is a sufficient condition that (47) be a complete system and 
hence that there exist a non-singular (W) satisfying (47). Let this (W) 
transform the first form of (46) into 

^ ^ ppdXfidxp . 

M.** 

Now we may apply the first theorem of 8^23 with Rpp — dpp, so that 
dpp—fpy = const. Hence /^;, = constant, and the existing non-singular 
transformation (W) transforms the first of (46) into a form with constant 
coefficients. 

Hence = 0 is a sufficient condition that (41) be equivalent to a 
quadratic differential form with constant coefficients. 

§25. The quadratic dijferential form of flat space. 

In the case that = we may particularize still further the form to 
which the coefficients g^p may be reduced. For by a well-known theorem 
every quadratic differential form with constant coefficients is equivalent 
under a real non-singular transformation to one in which only the square 


t The general situation in which the dfip are not constants is of no interest to us here. 
For this case see Veblen: Invariants of Quadratic Differential Forms. Cambridge Tracts; 
1927, Chap. V, §§6-8. 

X Goursat: Les Equations aux Dirivees Partielles du Premier Ordre, 1922, p. 116. 
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terms are present, the coefficients being numerically equal to one. If we 
start with real g^v there are five forms to which this reduction may lead: 


(a) 

ds^ = 

+ dxt^ 

+ 

dX2^ 

+ 

dxa^ 

+ 

dxi^ 

ib) 

ds^ = 

— djTi* 

+ 

dX2^ 

+ 

dxa^ 

+ 

dx^ 

(c) 

ds^ = 

- 

— 

dx^ 

+ 

dxa^ 

+ 

dx,^ 

id) 

= 

- d.vi* 

— 

dX2^ 

— 

dxa^ 

+ 

dx,^ 

(e) 

ds^ = 

- dxi^ 

— 

dX2^ 

— 

dxa^ 

— 

dx^ 


It is clear that these forms are all equivalent under purely imaginary 
transformations, and hence that no two of them are equivalent under 
a real transformation. For suppose that a transformation (T) transforms, 
for example, (b) into (a) ; then since the imaginary transformation (Q) 
transforms (a) into (b) we see that the transformation (TQ) 
transforms (a) into itself, and hence (TQ) = /. Hence T = Q'"^ and T is 
imaginary. Which one of these forms a given ds- is equivalent to under 
real transformation depends entirely on the g^y. 

We may mention in passing that the fourth of the forms is the one 
assumed to apply to real space-time systems in the Special Theory of 
Relativity. 


§26. The covariant Riemann-Christojfel tensor. 
Let us consider the associated tensor 


(48) 


Rpikv\ — 


p 


p 


which we shall call the covariant Riemann-Christoffel Tensor. By (28) and 
(20) we find that 


RpurX 


a I a j dx, ala/ dx\ 


d 

dX), 



By (19) and (16) 
(49) = 




2\dXp,dXw dxpdxx dxydxp 


J^V 

dx^dxx/ 


We see immediately that 
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f^pnvx — 

(SO) = R^Xpp ] hence = — Rpp^x, 

^Rppvx + RppXp + RpXpp = 0 . 

The relation, Rpnv\ = —RpppXj follows from the first two. The first two of 
these reduce the number of linearly independent components of Rppv\ from 
256 to 21 ; the third relation still further reduces the number to 20. Hence 
this tensor has not more than 20 linearly independent components. 

A set of 20 linearly independent components of this tensor is indicated 
by the following set of indices: 


1212 

1234 

1334 

2324 

1213 

1313 

1414 

2334 

1214 

1314 

1424 

2424 

1223 

1323 

1434 

2434 

1224 

1324 

2323 

3434. 


These 20 components are clearly linearly independent, for by (49) each one 
contains a second derivative which none of the others contain; e.g. the only 
one containing d“i^i;j/d.V 2 d.V 4 is Rviu^ the only one containing ^^^ 12 / 5 ^ 35 x 4 is 
R}Z 2 h the only one containing d 2 ^i 2 /d.vid.V 2 is /?i 2 i 2 , etc. 

From §11 itiollows that = 0 and /?ppvx = 0 are equivalent equations. 
Hence by § 24: A necessary and sufficient condition that S he flat is Rppp\ = 0 , 

§27. The Ricci- Einstein tensor. 

Let us consider the following tensor 

(5 1 ) Gf,, = . 

P .X p fi p X 

By (28) this is, 




By (43) we have 



d 

= —log V- g ; 

dXp 


hence 
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Other tensors derived similarly from are 

P>M P.i' M.v M.X v.X 

The first of these, XIpm ^''^-^ppi'X, is zero by the relation Rppvx= —i^pp^x 
of (50) ; 

= ^^^p»^7?fliiXi> = G^pX J 

p.i' p.i' 

T,g'‘'’Rp^yX = - T,S‘‘''R^,yX = = GpX ; 

M|>' PiV ll,v 

= 2-)^^^-^pp»'X ~ Gpi* ; 

p.X p,X 

-^ppvx 0, since Rppvx Rp^xv 

v.X 

Hence in this way the tensor i?pp„x yields only one new tensor, the 
Ricci-Einsiein tensor Gp^, which is obviously symmetric by (52). 

If we form the inner product (§ 7) of and Cp„ we obtain an invariant 

(S3) G = Zr'G,, = Z 

P.*' P.*'.X,p 

The equations Gpv = 0 are Einstein’s y/e/d equations of gravitation in free 
space; the quantity G is the Gauss- Riemann invariant curvature of space. 

§28. Canonical coordinates. 

Given 

ds^ ~ ^^gpyd XpdXy , 

M.I' 

we wish to show that there exists a transformation (T)t such that all 40 
derivatives dg^y/dx^ vanish at a previously chosen non-singular point Po.J 
First, by a simple translation, let us move the origin to Pq. Now make 
the transformation 

(TO Xi = I xj xj , 

where { “/}, is the value of { “/} at the origin. Then 





dx^dxi l«/o l«/o 


t Cf. Eddington: The Mathematical Theory of Relativity, ch. 3. 
X A point at which ^=0 we shall call a singular point. 
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Hence 


(det— ) = 1. 

\ dxl /*-_o 

Thus (T') is non-singular, and has a unique inverse about the origin; 
hence Xi all zero implies x' all zero. Then by (25) 

Y - Y da:.- dxj jij] 

, dx;\ p) T'i dx' dxAe)~ I e /o ’ 

at the origin this equation becomes 

- Z/(LP)/0-.v){*''| = - {'“'i . 

P VP/0 %,J \ € ) 0 Ic'o 


Hence 


and thus 


n '_ 

0 I C /o I e jo’ 


Hence, by (20) and (19). 


(^') - 0, 

\dx//o 


as was to be shown. 

If now we make the transformation 


(T'O 


Xi — Z a*(o‘,P,y)x/x/xy'', 

b a.p,y 


where the a<(«, P, y) are constants completely symmetric in a, P, y, 
then 

d*« 1 

T — f 

OXf, 2 a,0 


( 54 ) 


d^xj _ 


d^Xe 




= «.(P, «',<»■)• 
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Hence 


\ aar///_o 


Thus (T'O is non-singular, and has a unique inverse about the origin 
hence xt all zero implies x” all zero. By (25) 


(25)' 

Hence 


— y* y ( o’V 

dx/dx/ ~ p d7/l p) 71 ^/l e r 


,55^ - = y + T~ - /'‘"I" 

dx/dxj'dx/ r d.r/d.v/ 1 p / , dx/ dA'/l P j 

.wJL 9x/ dx/ ax/ ^71 f i h dx/ax'/\ e f 


Bx/ax/ d.r;t c / ‘ 


By (54) 


r 


dA-,' \ 

/ d^xl \ ^ 

\aA-/dA-//o“ 

and we have above that {i'}o=0. Hence (25)' shows that 

2:/(e,p){'‘''r = {'*‘'1" = 0. 

p tplo te)o 


Hence 


(^).O. 

\ dx/ /o 

By (55) and (54) 

- !E^(LM)/(;,>')/(*,<r)(-^-(*'^l ) . 
i.i.k \dxi { e ir/o 


Hence 
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,56) ) 

where in the last two we have made cyclic changes in fi, v, a. Hence 

■Osl’’} )/(,?;{’.'} VCl;! '} 

Choose 

we note that this choice is legitimate for it satisfies the requirements 
placed on the adti, v, o'). Then 


wt c / /o^ Wt c / tel e) )r^' 


and by § (26) 


Hence, by the compound transformation (T"T') we obtain a coordinate 
system in which 


(58) 




Coordinates for which (58) is true are called canonical coordinates. 

Let us see what becomes of tensors when we transform to canonical 
coordinates. Choose an arbitrary non-singular point Po=(^c»)o in the x- 
system. Make the three non-singular transformations: 

: Xi = {x^Q + xl , 

(59) T' : xl = xr - ^ XaW, 

2 a,/3 W / 0 
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where 


Since 


T" : xr = xi" + 4 Zar(c‘,fi,y)x:"xrx^" , 

O a./S.7 


-(sH:}').]. 

/^Xt\ ^ \ 

Vda:///.^ \3*,Vo \dx,"' )o ^ ’ 


we have, for every tensor A, 

(60) (A)j.^ = (^10, = C-l'Oo = 

§29. Theorems on fundamental tensors. 
Consider a tensor 


A 



dXa 


dXpdXa, 


Let us transform to canonical coordinates xl such that the point Po in the 
Xt transforms to the origin in the x/ . Then, as we have just seen, 

(A)p„ = (A')o = A ((4,)., 

since 

).- 

Now we have, by (57) and (58), 




(61) 


(^tV} ).+0?{7} )+{^{7! ).■ ® 


We may consider (61) as linear algebraic equations in the 100 quantities 
^xJ]o; the coefficients are functions of [(dg,|,)/(dx,')]o = 0, (g' "Oo, 
[(dg'M>')/(5^/)]o=0, and hence of (g^Jo; the right members are linear 
functions of We know that these equations are consistent, for 
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they are satisfied by all The first set of (61) is symmetric in /x, v, a 
and hence contains at most 80 linearly independent equations; the second 
set contains 20 linearly independent equations (§26); hence there are at 
most 100 linearly independent equations in (61). 

If there were not 100 linearly independent equations (61), then, since the 
equations are consistent, we could choose at least one of the 
(3.r/aj:.')]o, for example [(a2ffi'i)/(a.ri'®)]o in any way we wish, say equal to 
k. But since (gu) p„ is arbitrary in the -v, we cannot say that [(d*gu)/ 
0 is equal to k. 

Now we can solve the 100 linearly independent equations (61) for 
as rational functions of {g|^v)o and (i?^^w)o» linear in 

(-^eMw)o- 

The equations (61) can in fact be solved very easily. By (17) we may 
write the first of (61) as 






If we multiply by and sum as to e, noting that (dg'“Vd-v'p)o = 0, we 

have 


\dxi L « J / 0 \d.l%' L « J / 0 \dxi L « J /o 


Multiplying this by (i?'"')o and summing as to a leads to the first of (61) 
so that (61) is equivalent to 


(62) 




To the sum of these two equations add the second with n and <x inter- 
changed; thus 



IfiVC )o + (i^ta.'M)o] • 


If we substitute this in (62) we are led by (50) to identities; hence this last 
is equivalent to (62). If to this last we add the equation obtained from it by 
interchanging c and e we find, by (19), 
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1 / / 

Pfiva 4 “ Rpvita)^ 
o 


as the solution of (61). 
Thus 


But by (60) 


hence at A 
(63) 


{A)p, = .I((g;)o, 0, 

(^/ii»)o (^M»')/’oi “ (^Rppvff)pQ J 

A 0, 4“ -^pvpa)) • 


Since Pq is an arbitrary non-singular point (63) is true at all such points. 
We thus have the important theorem 

Every fundamental tensor which does not contain derivatives of the g^u be- 
yond the second order is an explicit function of only the and theR^fivo] if this 
tensor is linear {with constant coefficients) in the second order derivatives of 
gpy it is linear {with constant coefficients) in the 

This latter tensor has the form 

(64) £ • • • ) Mm > P)M>^>^)(-^ppi'y 4“ Rpvpv) 4" ^(M1> * * * > Mm) » 

P.M.I'.iT 

where M and N are functions of the g„y alone. 

We have at once from the theorem: 


Every fundamental tensor which does not contain derivatives of g^y 
beyond the first order is an explicit function of only the g^y, 

t For a proof of this theorem independent of tensors see E. Cartan: Journal de Math^- 
matiquesj 1922. 



CHAPTER V 

FUNDAMENTAL TENSORS 


§30. Fundamental Non-Di£erential Tensors of a Linear Dijfferential Form. 
Consider the single linear differential form 

(1) dr ='^ 

M 

By a fundamental non-differential tensor of (1) we shall mean a tensor 
whose components are explicit functions of only //i, • • • , /; 4 .f It is of interest 
to investigate how many and what types of such tensors exist. We shall 
confine our attention to tensors whose components are analytic functions 
of the and hence expressible as power series in the 

A notable simplification in all of the proofs is attained by working in 
two dimensions instead of four. A circumspect examination of the proofs 
will show that the same method is effective in the four-dimensional case. 
We shall use the following notation: 


dx; 

dx: 

dxj 

Hence the matrices p and a are reciprocals. 

Theorem 1: Every invariant matrix is a matrix of constants, 

Let/(/zJ be a component of an invariant matrix. Then, by definition, 
for every (T) 


(65) /'(W=/(AJ, 

We may write 

0 ,00 

fUtf) = 

the Gif being constants. Then 


m)= E W'- 


(for every hf ) . 


t In this section the convention that shall stand for h has been suspended. 
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Now since (65) is true for every (T), it is true for a (T) such that pi 2 = P 21 = 0. 
Then by (3) 

(66) hi = P 11 // 1 , hi = p22/^2. 

Therefore by (65) 

O.oo O.oo 

X) ^ijPiiP^^hx hi = ^ <iijh{ h’i . 

Since this is true for every //i, it follows that 

* y 

fZ,;PiiP22 — a xj. 

Since this is true for every pii?=^0, p22?^0, we see that all the a»; are zero 
except floo. Hence /(//i, // 2 ) 00 = constant. Thus every component of an 

invariant matrix is a constant. 

Theorem 2: Every covariant tensor of valence one is a constant multiple 
of the tensor //. 

Let the components of the tensor be 

A\{h\yhi) = Ih 

A 2(//i , hi) = 2 y • 

By (3) 

A 1 = piiA I + piiA 2 

(67) 1.4 

^2 = Pl2^1l "1“ P22^l2. 

Now with P 12 = p 2 i = 0 we have 

A{ = axjhl* hi’ = c^iiPnP^^hx'^h^ ^ 

*.7 

PiiA 1 = ^ OxjPnhi h^ , 

t.y 

from which it follows that 

i y __ 

fl»;PllP22 — Oijpix, 

Hence all a»; are zero except aio=a. Similarly all ft*,- are zero except boi^b. 
Hence A\ = ah\\ A^ = bh^. It remains to show that a = b. To this end 
consider a general (T) ; then 

A{ = ahi = ap\\h\ +<Jp2iA2 
Pi\A\ + P2i^2 = dpnhi + 6p21^2- 
By (67) these two quantities are equal, and therefore a=^b. 
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Theorem 3: Every covariant tensor of valence two is a constant multiple 
of the tensor /r(i). 

This theorem is a special case of Theorem 4. We merely wish to point 
out in passing that the matrix A(i)//(i) is singular, that is, its determinant 
is zero; hence it has no reciprocal. 

Theorem 4: Every tensor of type (JI,) is a constant multiple of the tensor 

/?(i) — . A(i). 


For a (T) with pi2 = p‘2i = 0 we obtain by the same method as in previous 
theorems 

An... n On- • nhi^‘ 


^ 11 • • • 12 — Un . . 


21 • 


/I22 . . 


A\2- • 

/ 1 22 • ‘ 


11 = ^21 •• 


21 — ^22 • • 


22 — C^12- 
22 = <?22- 


nh\' V/2 


V;2 


2\h\h^" 


22h\h^^ 


Now for a (T) with pii = p22 = 0 we find that a is symmetric with respect 
to the subscripts 1, 2; for example an... 12 = 21. Let us now consider 

a general (T). Then 


( 68 ) An-- 11 == ^11 • • • ii(pii^i + 

But by (7) 


(7ii . . . 11 


m k m k k m—k 

2^ChPnP2l h\h2- 


Ar-0 


-^11..- 11 = Pll^ll ■ • • 11 + Pll P21^1ll . • • 12 + • ' • + P 21 A 22 - - - 22. 
The coefficient of h{^'~^h2 in the right member of the last equation is 


Pll P2i(^?ii ■ . . 12 + ^^11 • . • 21 + * • * + (^21 • • . 11) • 

The coefficient of in the right member of ( 68 ) is pii"‘“V2i man-.-n- 

Hence 

( 69 ) fl^ii . . . 12 + <^11 • ■ • 21 + • • * + ^21 • • • 11 = man - - - 11 • 

Similarly, starting with . 4 A... 12 instead of ^ 4 A... 11, and again considering 
the coefficients of hr~'^h2y we obtain 

(1 — m^an • • • 12 "h ... 21 ■+■*** “h ^21 ... 11 = 0 . 
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In the same way, starting with the remaining {m — 1) components A ' 
which have only one subscript equal to 2, we obtain in all m homogeneous 
linear equations with constant coefficients in the m quantities a(one 2 ) whose 
determinant D is as follows: each term of the principal diagonal has the 
value 1 — w; all other terms have the value 1. 

Lemma. The k~order determinant whose principal diagonal elements are 
1 — w, all other elements being 1, has the value 

( — 

For the proof see Appendix I. For k = m this quantity is zero; for 
k = ni—\ it is distinct from zero. 

Hence D is of rank w — 1, so that the m equations in question have a 
unique solution for the w — 1 ratios of the m quantities a(one 2 ). These equa- 
tions are clearly satisfied when these m quantities are all equal. Hence 
this is the only solution. 

Now starting with any one of the remaining . . . , and again consider- 
ing the coefficients of we find that a . . . = flu ... n, where ' . . . and 

fl ... are any corresponding pair. Hence the tensor is equal to a constant 
multiple of Au) '?- A(i). 

Theorem S: Every tensor of type where n>my is zero. 

We select a (T) with pi 2 = P 2 i = 0. Then 

/II ... 11 m n 11 ... 11 
A 11 . . 11 = Piicriii4ii . . 11 . 

Hence from (66) 

i j m n fl»j 

fl»;PllP22 = Pll<rilfl»,- = n-m ^ 

Pll 

since here crii= l/pn. Since w — w>0 it follows that all the a*, are zero. 

The same method shows that all the other components of the tensor are 
zero. 

Theorem 6: Every tensor of type {„) is an invariant , and hence a matrix 
of constants. 

Using a (T) for which pu = P 2 i = 0 we obtain 

11. . 11 m m ll* . 11 11. . 11 

11.. 11 = Piiflii-lii-. 11 = >4ii.. 11 . 

Similarly we find that all the other components are either zero or invariant. 
Hence the tensor is invariant, and by Theorem 1 is a matrix of constants. 

Theorem 7 : Every matrix of type (}) is a constant multiple of the identity 
matrix I of the second order. 
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For by Theorem 6 a matrix of type (i) is a matrix of constants (“ J). 
Now for a (T) with pi2=pji=0 we find b=c = 0 . Now by using a (T) with 
Pn = P 22 = 0 we find a=d. Here A |{| = al. 

Theorem 8: Every tensor of type (*) has the form 


A\i = A 22 ~ d -h i 


A 12 A 21 = Cl 


Ai2 = A 21 = b 

Other ten components zero. 


For a (T) with pi 2 = P 2 i = 0 we find that ten of the components are zero, 
as stated in the theorem. Using a general (T) it now follows readily that 
the six remaining components have the form stated. 

We may note that for i = 0 this tensor reduces to alL 

There remains but one case to consider, namely, a tensor of type 
(m+n), where m>0, n>0. This problem we have been unable to solve. 
We believe, however, that the following proposition is correct: 

Proposition: Every tensor of type (^Tn) be written as the product of 
a tensor of type (^) and a tensor of type (®), that is 


Am) K 


• h 


(i)» 


where is a matrix of constants. 

In connection with this proposition wc have been able to show only the 
following, using a (F) with pi 2 = P 2 i = 0: 


(ponea, r twos) 
{k onea , I twoa) 


{ 


0 if p > k or r > I 

(p onea , r twoa) 
ik onea , I twoa) ^ 


h 


l-r 

2 


Since k+l=m+n, p+r = m, we see that — ^) + (/ — r) = ». Now 
using a (T) for which pii = p 22 = 0 we find that a;;, is symmetric with respect 
to the indices 1, 2. To prove the proposition it would still be necessary 
to show that certain of the a .. are equal to each other. 

Theorem 9: Every tensor of type (J) is a constant multiple of the product 
of the tensor I and the tensor h. 

For it follows from what we have proved in connection with the above 
proposition that the components of the tensor ^4(2) are as follows: 
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II 

II 

aI, 

II 

= fll2/?2 ~ hh2i 

a\. 

II 

= a2\h2 “ ch2y 

aI 

= cAi 

= 0, 

An 

= 0. 


Now let us use a general (T). We then have 

All = PllCrnAii + Pllp2lO‘iiyli2 + Pllp2l0’ll-^l21 + PllP2l0^12^12 


2 2 2 

+ P2lPllO'l2-^21 + P21<ri2i422* 


We also have 


Hence, using (70) 


h{ — pnhi + P 21 A 2 
^2 = Pl2^1 + P22^h- 


2 

, , , P 11 P 22 P 11 P 21 P 22 , , P 11 P 21 P 22 , 

dpiihi + (ip2in2 — d hi + b- }i2 + c //2 

det p det p det p 

2 

P 11 P 12 P 21 P 11 P 12 P 21 P 12 P 21 

_ ^ ^ ^ 

det p det p det p 

Equating coefficients of hi and h we obtain 

c+h=^a. 

Proceeding similarly with A 12 we obtain 

b = a. 

Therefore c = 0, and the matrix A has the components 


= ahi 

A 12 = Q>h 2 
2 

-‘I21 = ahi 
2 

A 22 ~ dh 2 


/1 22 — 0 

A 12 = 0 

An = 0 . 


This matrix may be written alh, 

§31 Fundamental Non-Differential Tensors of a Quadratic Differential Form. 

We shall now treat fundamental non-diflFerential tensors of the quad- 
ratic differential form 

(41) ds^ = YL guvdx^dx,. 

Theorem 1 : Every invariant tensor is a matrix of constants. 
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The proof is entirely analogous to that of Theorem 1 of §30. 
Theorem 2: Every tensor of type (2m+i) is zero. 

We use a (T) with pi 2 =pji = 0. Then 




2i«4-l 

11 = Pll ^lll • 


11 


Putting 


we have 


^ tiv PnuPw^nv 


1 .00 

An... 11 = 1 ^ 12^2 2 

i.J.k 


2i+y ;4-2A* 2w-fl 

(JijkPu P22 = ^^i^APll 


Hence = 0 for all i,j\ k, and therefore ./lii..ii = 0. In exactly the same 
way it turns out that all the other components of the tensor are zero. 

'Fheorem 3: Every tensor of odd valence is zero. 

Consider the tensor A[m)f where m+n is odd. By n successive associa- 
tions of this tensor with g( 2 ) we obtain a tensor of type (w+J, which is 
equal to zero by Theorem 2. Hence it follows from §11 that the tensor 
A is zero. 

Theorem 4: Every tensor of type (”) is a constant multiple of the tensor 

^(2J. 

This proof is entirely analogous to that of Theorem 2 of §30. 

Theorem S: Every tensor of type (}) is a constant multiple of the identity 
matrix I. 

For a (T) with pi 2 = P 2 i= 0 we find at once that 
A\ = a, 

A\ = 6, A\ = 0. 

Now for a (T) with pu = p 22 = 0 we find that a = h. Hence i4|}| = a/. 
Theorem 6: Every tensor of type (o) is a constant multiple of 
Let A^^^ be a tensor of type (o). Then 
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by Theorem 5. Hence 


V , (T 0 

But the left member of this equation equals Therefore = 

Theorem 7: There exist exactly three linearly independent tensors of 
type (J), namely gi 2 )g( 2 ) "^ith the indices in all possible orders: 

^txvgpoi SlipSvoy SfUfSf'P- 

For a (T) with pi 2 = P 2 i = 0 we have 


Hence 


Thus 




2t-hj j+2k 4 
OijkPll P22 — Pll^tjA;- 


^4 nil = agn . 

In the same way, for the other components we find 


(71) 


Ann = agn, 

A 1112 = 6 ^ 11 ^ 12 , 

^1121 = ^^11^12, 

^1211 = 

-42111 = C^llgl2) 

2 

i4ii22 = a^ll^22 + 5^12, 
2 

>ll212 = ^gng22 + €gi2, 

2 

^2112 = 7^11^22 + Vgl2, 


A 2222 = ag22 
A 2221 = bgi2g22 
A 2212 = ^^12^22 
A 2122 = dgi2g22 
A 1222 == ^f^\2g22 

A 22 II = «^11^22 + 5gi2 
- 2 

-42121 = 13^11^22 + C^12 
2 

^1221 = 7i?llg22 + ^gl2, 


where a, d, b, b, a, a etc. are constants. Using now a (T) with pii = P 22 = 0 
we readily find that 

a = d 

6 = 6 
(72) 

0£ = a 


etc.. 
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Now we employ a general (T). Then 

/ 3 2 3 2 

Ani 2 = O'PiiPugii + bpiip 22 gngi 2 + (^ + ^^ + ^)pnp 2 ipi 2 gi\gi 2 

2 2 2 

+ (0£ + ^ + 7)pnP2lP22j?11^22 + (5 + € + r7)PllP2lP22^12 

8 2 3 2 

+ (lp2lP22g22 + bp2lPl2gl2g22 + (^^ + ^ + ^)pilp2lP22^12^22 

2 2 2 
+ (a + + 7)piiP2iPi2^ii^'22 + (5 + € + r7)piiP2iPi2i?:i2- 

On the other hand 

/ 2 2 

^1112 = 6(pii^II +2pnP21^12 + P21,?22)(pilPl2i^ll + PllP22i?I2 + P21pl2^21 +P2lP22^22)* 

Equating coefficients for the terms pApi2^n, pnpiipngug 22 j PiWiPi2gi2, we 
obtain 

b — a 

(73) a + P + y=^b 

5 4" € ”1” ^ ~ 26. 

Similarly from .4/221, -4/211, -42ni, we find 

(74) c d = e = a. 

Now from i4/i22 and .4/212 we obtain by the same method 

a + 6 = a 

^ + € = a 

(75) 

i9 + 7 = 5 
a + 7 = €. 

Now by (72), (73), (74), (75), we may write (71) as 

2 

-4 1111 = (« + /? + 7)^11 

-4 1112 = .4 1121 = ^1211 = .42111 = (a + ^ + 7)^11^12 

2 

.42222 = (q£ + + 7)^22 

42221 == 42212 = 42122 = 4 1222 = (oj + ^ + 7)^12^22 

2 

4 1122 = 42211 = Oigng 22 + (jS + 7)^12 

2 

4 1212 = 42121 = Pgllg22 + (« + 7)^12 

2 

42112 = 4 1221 = 7^11^22 + (a + P)gl2- 
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This result may be represented by the following formula: 

(76) Afivpa = “t“ ^^ppZva 4“ IfRfJiafiypi 

from which the theorem follows directly. 

Theorem 8: There exist exactly three linearly independent tcfisors of type 
(o), namely with the indices in all possible orders. 

The proof is completely analogous to that of Theorem 7. 

Theorem 9: There exist exactly three linearly independent tensors of 
type (2), namely those whose coynponents are 

gpvg^% 7'(M,p)/(j',(r), I{v,p)I{ix,(t). 

In proof consider a tensor Then by §11 

pvgpag(T& ” *l/im/3- 

P , a 

Hence 

a,0,p,a a,^i 

The left member reduces to Al^. Therefore 

a ,13 

Using (76) we find that 

(77) = agpyg^^ + iil(^p.,p)T{v,(T) + jI{v,p)[(p,<t) . 

Theorem 10: The number of linearly independent tensors of type (2^) is 

m 

N{m) = n - 2/^ + 1) = 1 •3-5 • • • (2>« - 1). 

A = 1 

A complete set of linearly independent ones is given by m successive multiplica- 
tions of g( 2 ), with all possible orders of indices.^ 

For the proof see Appendix II, Theorem II. 

'Fheorem 11: ^ complete set of linearly independent tensors of type 
Co) is given by m successive multiplications of g^^\ with all possible orders of 
indices. The number of such tensors is N{m). 

The proof is analogous to that of Theorem 10. 

t We find that this theorem was given by P. Franklin: Phil. Mag., vol. 45, 1923, p. 998. 
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Theorem 12 : A complete set of linearly independent tensors of type (JJ) 
IS obtained by repeated outer multiplication of g^ 2 ), and /. The number 
of such linearly independent tensors is N(m). 

This follows from Theorem 10 in the same way as Theorem 9 follows 
from Theorem 7. 

Theorem 13: A complete set of linearly independent tensors of type 
( 2 m-~n) obtained by repeated outer mid ti plications of g^Dy g^^\ and /. The 
number of such linearly independent tensors is N{m), 

§32. Fundamental Differential Tensors of a Quadratic Differential Form, 

We shall consider only fundamental tensors which do not contain 
derivatives of the g^y beyond the second order, and which are linear in the 
second order derivatives. By §29 every covariant tensor of this kind may 
be written 

(78) (0) 

A {m) • • • ,Tm y p , /i , J' , O') (/^p^iro Rpvixa) "f N{t\ • • • 7^) 

where Af and N are functions of the alone. 

We shall now show that (78) may be written as 

(79) 

A (m) d(^Tly • • • y^ m j P y y (f) (^R.pnyff~\~ -^( 71 , * * * y T m) ^ 

P,H,v,tr 

where P(ri, • • • , r^y p, p, Vy a) has the same symmetry relations in p, p, j/, a 
as docs Rppva by (50). To prove this let us proceed as follows. There are 
exactly 20 linearly independent Rppyay a complete set of which is given in 
§26. We here give a table of the Rppy^y using the notation ppva for Rp^p<r: 

1212 =- 2112 =- 1221 = 2121 

(80) 

1213 =- 2113 =- 1231 = 2131 = 1312 =- 3112 =- 1321 = 3121 


1214 = - 2114 = - 1241 = 2141 = 1412 = - 4112 = - 1421 = 4121 

1223 = - 2123 = - 1232 = 2132 = 2312 = - 3212 = - 2321 = 3221 

1224 = - 2124 = - 1242 = 2142 = 2412 = - 4212 = - 2421 = 4221 

1234 = - 2134 = - 1243 = 2143 = 3412 = - 4312 = - 3421 = 4321 

1313 =- 3113 =- 1331 = 3131 

1314 = - 3114 = - 1341 = 3141 = 1413 = - 4113 = - 1431 = 4131 

1323 = - 3123 = - 1332 = 3132 = 2313 = - 3213 = - 2331 = 3231 
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1324 = - 3124 = - 1342 = 3142 = 2413 = - 4213 = - 2431 = 4231 

(80) 

1334 = - 3134 = - 1343 = 3143 = 3413 = - 4313 = - 3431 = 4331 

1414 = - 4114 = - 1441 = 4141 

1424 = - 4124 = - 1442 = 4142 = 2414 = - 4214 = - 2441 = 4241 

1434 = - 4134 = - 1443 = 4143 = 3414 = - 4314 = - 3441 = 4341 

2323 = - 3223 = - 2332 = 3232 

2324 = - 3224 = - 2342 = 3242 = 2423 = - 4223 = - 2432 = 4232 

2334 = - 3234 = - 2343 = 3243 = 3423 = - 4323 = - 3432 = 4332 

2424 = - 4224 = - 2442 = 4242 

2434 - - 4234 = - 2443 = 4243 = 3424 = - 4324 = - 3442 = 4342 

3434 = - 4334 = - 3443 = 4343 . 

Eight other components are given in terms of these by 

1423 = - 4123 = - 1432 = 4132 = 2314 = - 3214 = - 2341 = 3241 

(81) 

= - 1234+ 1324. 

The remaining 112 components are all zero. 

We shall alsf' '’'ibr':"iatc by writing P(j>,ix,v,a) for P(ti, • • • , t#,; 
<'■)) and M(p, ft, V, <r) for M(ti, ■ ■ • , t„; p, p, v, o). Now let us choose 

P(l,2,l,2) = —[1/(1, 2, 1,2) - 2M(2,1,1,2) - 2M(1, 2,2,1) 

6 

+ M(2, 1,2,1)] 

P(l,2,l,3) = ^[M(l,2,l,3) - 2Jlf(2,l,l,3) - 2M(1,2,3, 1) 

(82) + M(2, 1,3,1) + Jl/(1,3,1,2) - 2M(3,1,1,2) 

- 2il/(l,3,2,l) + M(3,l,2,l)] 


P(3,4,3,4) = — [M(3,4,3,4) - 2M(4,3,3,4) - 2iW(3,4,4,3) 
o 

+ M(4,3,4,3)]. 

The analogy between this display and (80) is direct. The remaining 
236 components of P shall be chosen analogously to (50) as follows: 

(83) i ^ ~ = P{p,<r,p,p) 

+ P{p,v,a,p) + P{p,<r,p,v) = 0. 

Thus for each set of indices (ri, • • • , Tm) the 256 components P(p, p, v, <r) 
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are expressible in terms of the 20 given in (82), in the same way as the 256 
components are expressible in terms of the corresponding 20 given in 
§26. Thus P(p, Vi a) has exactly the same symmetry relations in 
p, H, Vy cr as does Rp^^a* 

With this choice of P it follows that 

(84) 2!) ‘ ' ' yO)[^Rppva Rpvf.a) 

For by (83), (80), and (50) 

P(1 , 2 , 1 , 2)/?i212+P(1 ,2,1, 2)Pi,22 + P(2 , 1 , 1 , 2) P 2112 

+P(2 , 1 , 1 , 2)P2in + P(1 , 2 , 2 , 1 )Pi22i + P(1 , 2 , 2 , l)Pi22i 
+ P(2, 1,2,1)^2121 + P(2, 1,2, 1)^2211 = 6P(1,2,1,2)P,212, 

and 


M(1 ,2 , 1 ,2)Pi212 + 3/(1,2,1,2)P,i 22+ ili(2,l,l,2)P2U2 

+ 3/(2,1,1,2)^2112 + 3/(1, 2,2, 1)P, 221 + 3/(1, 2, 2, 1)P , 221 
+ A/(2 , 1 , 2 , 1)^2121 4“ il/(2 1,2,1)/?22 ii 
= [3/(1, 2 , 1,2) - 23/(2, 1,1, 2) - 23/(1, 2, 2,1) + 3/(2, 1 ,2, l)]Pi2i2, 

which by (82) is equal to 6/’(l, 2, 1, 2)Ri2i2. There will be exactly similar 
relations for each line of the display (80), and also for (81). Adding these 21 
equations we obtain (84), and consequently wc may replace (78) by (79). 
Now according to (5) 


(85) 


P^ijii ’ ' ■ J P jt^jV y(r){Rppyff + Rpypff) + N'{Tiy • • • ,Tm) 


= E 


dJt., 



■ dx'r„ [ 


yfii) 


+ Niei, • • • 

This equation is an identity in the and their derivatives. By (8) 


_ djc'p dx'pi dx\ djc'a , 

RafiyB^^ Z ^ ^PMva. 

p.n.v.v dxp dXy dxs 

Substitute this in (85). Now since by (49) every term of R'ppva contains a 
derivative of gl^,, the identity (85) leads to the two identities 

{Rppv<r~{‘ P \Tly * • • yTm] P fV y<T) *7 T” * * * T 

p,ljL,v,ff L *« Vy 5*'" 

(86) dXp dXfi dXy dXa "| 

dXa dXfi dXy dxg J 
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and 


(87) iV'(ri, • • • ,r„) = 2] 


dxt 


dXt, 


•l. 


dx, 


7-Y(ei, •••,*„). 


Let us write (86) as 

(88) 2 + i?p^M«r)A(ri, • • • ,T„^;p,fJL,V,<T) = 0. 


This equation is an identity in the and their derivatives; consequently 
the coefficients of the different terms of (88) are separately zero. 

Let us abbreviate by writing A(p, p, v, tr) for A(ri, • • • , rm\ p, /i, v,a). 
From the definition by (86) it follows readily that A(p, /z, j/, o') satisfies 
the same symmetry relations (50) as does P(p^ p^v,<t). By (49) the 
coefficient of in (88) is obtained, by the first line of (80), from 

(i^'i 2 i 2 + i?n22)A(l,2,l ,2) + (/^ixio + 7?2 ii‘>)A(2,1,1,2) 

+ (/^I22l+i^^22l)A(l,2,2,l) + (/?:l2l + ie22ll)A(2,l,2,l)=6A^2loA(l,2,l,2); 

hence the coefficient is 6A(1, 2, 1, 2), and hence A(l, 2, 1, 2) = 0. The 
coefficient of d^g^/dxl dx{ is obtained similarly, by the second line of (80), 
from 12R(2,,,A(1, 2, 1, 3), and is 6A(1, 2, 1, 3); hence A(l, 2, 1, 3) = 0. 
Similarly by (80) all the A(/t>, n, v, a) are zero except the 24 of the sixth 
and tenth lines and of (81); we now show that these arc also zero. 

The coefficients of b-gn/dxidxi and of b\nldxlbx[ are obtained from 


A(1,2,3,4)(8/?;234 + ~ 4^1423) 

+ A(1 ,3, 2, 4) (8/^1324 + 4/?1231 + 4/^1423) 

+ A(1,4,2,3)(8/^;423 - ^Ru,a + 4A,'324). 

Since A(p,p.jVj(r) and R{pj (t) both satisfy the third symmetry 
relation of (50) this becomes 

12(2/?'i 234 ~ ie'i324)A(l,2,3,4) - n{R[.u - 2Ru.,)K{\ ,3 ,2 , 

Thus the coefficients in question are respectively 

6A(1,2,3,4) - 12A(1,3,2,4) and - 12A(1,2,3,4) + 6A(1,3,2,4). 

Since these must be zero we see that A(l, 2, 3, 4) =A(1, 3, 2, 4) =0; 
hence A(l, 4, 2, 3) =0, and every component of A is zero. Therefore by the 
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definition of A it follows that P is a tensor of the type (w), con- 
travariant in p, p, j/, a.t By (87) N is a tensor of type (2»). By Theorem 
3 of §31 either P = iV’ = 0 or w is even. 

We have thus proved the fundamental theorem: 

Every covariant fundamental tensor which does not contain derivatives of 
the g^y beyond the second order, and which is linear in the second order deriva- 
tives, may he expressed in the form 

(90) 2 ^1. - • • . Eppfia) “f" .Tjm> 

where the tensors P and N are functions of the guy alone and where P and R 
satisfy the same symmetry relations in p, p, v, a. 

§33. Fundamental Differential Tensors of Odd Valence, 

By Theorem 3, §31 we see that there exists no non-zero fundamental 
non-differential tensor of odd valence. It follows from §32 that every non- 
zero fundamental differential tensor linear in the second order derivatives 
of the gy,y, and not containing any higher derivatives, is of even valence. 
Thus we have not yet found that there exists any fundamental tensor, 
differential or non-differential, of odd valence, except zero. But we can 
readily show that there do exist fundamental tensors of odd valence in- 
volving the third derivatives of gy,v\ for we get such tensors by covariant 
differentiation of G, and Rpt^y^, Thus 

dG 

dXa 

^Gfty 
^Rpfiva 

3)Xr 

are fundamental tensors of types (?), ("), and (”) respectively, each involv- 
ing third derivatives of the g^,. 

t Since 112 of the components of R are identically zero, the corresponding components 
of M in (78) may have any values whatever, so that M need not be a tensor. 




CHAPTER VI 

THE LAWS OF GRAVITATION 

§34. Postulates. Laws of Nature. 

We shall investigate the problem of possible laws of gravitation in free 
space t under the following set of postulates. 

Postulate I. The quadratic differential form 

(41) ds^ — - Xfidxp j det^fi^ 5 ^ Oj 

defines the geometry of the physical universe. 

As we have stated in §18, in the theory of spaces as developed by Gauss 
and Riemann, the properties of a space are equivalent to the properties 
of a symmetric quadratic differential form. 

Postulate II. The Fundamental Postulate of Relativity. Every law of 
nature is covariant. 

By this is meant that every law of nature consists of a set of covariant 
equations (§6). This postulate is the very essence of the Theory of Rela- 
tivity, without which the theory ceases to exist. 

Postulate III. The Law of Gravitation is a set of differential equations 
in the alone. 

Proposition I. Every set of covariant equations is equivalent to a set of 
tensor equations. 

As stated at the end of §6, we do not know that this is true. But it seems 
to be true, and we shall assume that it is until either proved or dis- 
proved; it must be stated that until such a time the present development of 
the theory is incomplete. 

Postulate IV. The Law of Gravitation is a set of differential equations 
not involving derivatives of gf,, beyond the second order. 

This postulate does not seem to be intrinsically essential; it is made, as 
is V, by analogy to classical dynamics. 

Postulate V. The Law of Gravitation is linear in the second order 
derivatives of the g^y. 

This postulate also is not essential to a theory of Relativity, 
t By free>space is meant all points of space free of matter or energy. 
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§35. The Law of Gravitation. 

Assuming the correctness of the Proposition of §34, it follows from 
Postulate II that every law of nature may be expressed by a set of tensor 
equations. As the first law of nature we shall consider the Law of Gravi- 
tation, that is, the law which determines the of (41) in terms of 
xi, • • • , X4. From what we have said this law must be a set of tensor 
equations 

(92) .1. = 0 (i= 1, ... , ;»), 

where each ^4* is a tensor, a function of only and the derivatives of 

the g^v; for as we saw at the end of §3, the Xi cannot enter explicitly. 
Since the equations (92) are to determine the g^p in terms of the Xi alone, 
it followst that the are independent of the dxr. Consequently the law of 
gravitation is a set of fundamental tensor equations. It now follows from 
Postulates IV and V, in view of the first theorem of §29, that the law of 
gravitation is a set of equations of the form of (64). Since by §11 the same 
law is obtained by equating to zero any one of a class of associated tensors, 
we may restrict ourselves to covariant tensors. { Consequently the law 
of gravitation is a set of equations of the form of (90). 

We shall in the next section proceed to study the equation (90), thus 
obtaining all possible forms of the law of gravitation. 

§36. The Form of the Law of Gravitation. 

We shall consider for various values of w, the equation 

(90) Z fZ’- ■ ■ + Nr,.... = 0 , 

P .M ,<r 

where F and N are functions of the g^v alone, and where P and R satisfy 
the same symmetry relations, (50), in p, p, j', a. 

By a solution of (90) shall be meant a set of with det g^pT^O, satisfying 
(90). 

Case 1. w = 0. 

By Theorem 8 of §31 we have 

pppva — ag^f*g^^ + Pg^^g^^ + yg^^g^^ y 

where a, j3, 7 are constants. Then by §27 

£ = (-«-j3+27)G = aG. 

p.p.v ,<r 

t This argument is only intuitive; Postulate III permits us to avoid this diflftculty. 
t It was for this reason that we considered only covariant tensors in §32; as a matter of 
fact the method of that section suffices for mixed tensors as well. 



72 


LAW OF GRAVITATION IN RELATIVITY 


By Theorem 1 of §31 we have N=b,a. constant. Hence (90) becomes 

(93) aG + b = 0. 

If a=0, then the equation becomes merely f> = 0, which does not involve the 
g^. Therefore we need consider only the case a?^0, whence 

(94) G + c = 0. 

Case 2. m = 1. 

By §31 

+ jSig'’"/?./?, + h 

+ gr,r.[«7g'’'‘g’'‘' + agg'-'g"' + agg'-'g'"']. 

Hence 

where a= -ai- 0^2 + 2a3 + 20:4-0^5 — + 2/^3 +2)94-/35 and 

J = 2a9— 0(7— as- By Theorem 4 of §31 we have iV'r,r, = cgr,r,. Writing (m, i') 
for (ri, r2), (90) becomes 

= 0- 

If a = 0 this becomes 

(95) g,.{hG + c) = 0. 

The solutions of this equation are the solutions of (93). Hence this gives 
us nothing new unless ap^O. Then we have 

(96) G;,r + guvilG + r) = 0. 


Let us multiply this equation by and sum as to ii, v. Then 


Therefore 
and (96) becomes 


G + 4(6G + c) = 0. 
bG + c = — JG, 


(97) 


= G^. - = 0. 


Case 3. m = 2. 

By §31, Pr^^rin fs a sum of 105 terms, each being a constant multiple 
of one of the three types 
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g'‘'‘g'^gr,T,gr^^ ; 


StiIjLjL, 


1“ I" I" I 


tr 

T4* 


The 105 terms correspond to all permutations of the sets of indices {p,fi,v, a) 
and (ti, t 2 , t 3 , T 4 ), which give distinct values to these three quantities. The 
terms of type 

lead to 


GQ>lgpy,gva + hgpvgpa + bzgpagpy) • 


The terms of type 

S g'”‘gur,l’r,K,(Rpp,p + Iip,pp) 

lead to 


aiGppgua + a^Gppgpa + azGpagpv + a^Gppgpa + a^Gp^gpv + azGp^gpp- 

The terms of type 




lead, in view of (50), to 


^(^^pppd *4“ ^pppff) • 


By Theorem 7 of §31 

^Tir2Tt7 4 = ^lrtTiTj^T3r4 + 0^r,r3^TjT4 4“ ^^gririgr.T^t^ 

Hence (90) becomes 


( 98 ) aRppvo + (iR pppa + O'lGppgva + (I'lGppgpa + d’iGpogpv + O/iGppgpo 

+ QhGpagpv + a^Gpvgpu + {biG + Ci)gppgpa + (62 G + C2)gpygpff 

+ (bsG + Cs)gpagpy = 0. 

§37. The Tensor Wp^p^. 

The process of twice contracting the outer product of a covariant 
tensor .Imoi) and g^^^ we shall call a first reduction of A m, by g^^\ There are 
six first reductions of the left member of (98), corresponding to the indices 
of contraction (p, p), (p, v), (p, o-), (p, j/), (p, o-), (v, a)\ each reduction has 
the form «G( 2 )+i 3 j^( 2 )G+ 7 ^( 2 ). We wish to know for what values of the 
constants in (98) every first reduction has its three coefiicients a, d, 7 all 
zero. 

The reduction contracting by (p, p) gives 

Gpa{— a + 02 + + ^4 + 4" “Ifle) 

4“ gy(rG{ai 4" 4^1 4" 62 4“ bz) 4- gvai^^Cl 4" ^^2 4" Cz). 
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If we equate to zero the 18 coefficients of the six reductions we have 

~ a 4* 4" <^3 + "f* <3^6 "t“ 4ae = 0 

a + fli 4“ fla 4* U4 4“ 4(7b + fle = 0 

2(7 4" + ^2 4" 4(74 + rt6 + ^ 3^6 = 0 

2(7 + ai + a2 4” 4(73 + 4“ ^6 = 0 

— (7 4" 4“ 4(72 + (73 4“ (74 4" ^6 = 0 

, — (7 4“ 4ai 4" (72 4" (^3 4" (74 4" (75 = 0, 


/ (7i 4“ 46i 4" 62 4" Aa = (76 4" 46i 4“ ^2 4" ^3 = 0 

(100) V (72 4" 4“ 4^2 4“ ^3 = (75 4" ^1 4" 4^2 4“ 63 = 0 

^ (73 4" 61 4" ^2 4“ 4^3 = (74 4“ ^1 4“ ^2 4" 4^3 = 0 , 


( 101 ) 

Equations (99) give 


now from (100) 


and by (101) 


^ 4(;i 4“ (^2 4“ (^3 = 0 
€i 4" 4" (^3 = 0 

Cv + C2 + 4f3 = 0. 

( ^ 

1 (7i = (72 = (75 = (7c = y 

' 2 

^ (73 = (74 = ■- (7 ; 


(7 (7 

61 = 62 ~ ^ ^3 “ — > 

6 3 


Cl = (^2 = C3 = 0. 


Hence the left member of (98) is 

(7[-^pj«j/or 4” ^pvfia 4” “1“ 2^pv^fi(r ^pa^py ^py^po 4" 2^P<rKpv 

4" 2^v<rEpp 4" 6G( ^PP?^yv RpyKpa 4* ^Sp<r^pv)\ J 

if now we definef 

(102) II = J^pfipa 4" 2^pv^P<f 2^pi'Sp<^ 2^P<f^pv 

4" e^igptrgpv gpvgpv) j 

then the left member of (98) becomes 

(103) a{Wppp,+ Wppp.). 

f This tensor was discovered by Wcyl, who refers to it as the “conformal curvature 
tensor.” H. Weyl: Math, Zeltschriftj (2), p. 404. 
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Properties of 

It is readily verified that Wppva has the same symmetries (50) in p, p, v, <t 
as does and that in addition every first reduction of Wppv^ is identically 
zero, a property which does not satisfy (§27). 

As will be seen in Chapter VI I, Wppv„ is not identically zero. 

There are at most 20 linearly independent components of this tensor; 
this follows from (50) just as in the case of Rppya. 


§38. The Case m — m. 

By Theorem 13 of §31 we know that ., 2 ^ is a sum of terms each of 
which is a product of the factors ^( 2 ), and /; as in §36 we see that these 
terms are of three types: 






Hence (90) may be writtenf 


(105) 


w— ^ ^ 

g(2)(R(i) + ^( 4 )) + 


g(2) 


gi2)G(2) 


E m 

g(2) • ^ • g{2)G + N {2m) = 0 , 

or by (102) and (97) 

W/-2 ^ w-l 

(106) !:«;=, •■'T'. + ir(4)) + 

+ G3/(2w) + N {2m) == 0, 

where each sum extends over all those permutations of the 2m subscripts 
giving linearly independent terms, and Rppv<T = Rpvna, Wppva^Wpyp^, 

Lemma I. If the constant obtained by m successive reductions of a funda- 
mental non-di fferential tensor P{ 2 m) by is zero then P{ 2 m) is identically zero. 
For if P{ 2 m) is not identically zero then by ITieorem I, Appendix II there 
is a first reduction P{ 2 m- 2 ) which is not identically zero; by the same 
theorem there is now a second reduction P{ 2 m-\) not identically zero; hence 
by induction P( 0 ) is not zero. 

If now we reduce (106) m times by g^^^ we obtain 

G3/(o) + iV(o) = 0, 

where M( 0 ), A^o) are the wth reductions of M{ 2 m), N{ 2 m)- If M( 0 ) = 0 then 
A( 0 ) = 0 and M{ 2 m) and N{ 2 m) are identically zero, by the lemma, so that 
(106). becomes 

m-2 ^ w-l 

(107) L2m = g(2)(IF(4) + W{A)) + ^g{2)^' gi2)E{2) 

= '^2to ”1” P2m “0. 

fin (105) and in similar expressions we have omitted the constant coefficients in order 
to simplify the writing. 



76 


LAW OF GRAVITATION IN RELATIVITY 


If M(0)?^0 then G = c and GM^ 2 m)+NiOm) = cM^ 2 m)+N^ 2 m) = P^^ 2 m) is a 
fundamental non-differential tensor. But P(0) = cA/(0)+Y(0) = 0, so that 
P(2m) is identically zero, and (106) becomes (107) combined with (94). 
Hence the only laws are given by (107), and (107) combined with (94). 

For the study of the laws (107) we shall find it convenient to introduce 
tensors 

(108) A 2 m ^ •^•^(2)(1F(4) + 1F(4)), 

»l-l 

(109) B 2 m= ^^(2)*^*g(2)F(2), 

which have the property that all their first reductions are identically zero 
while the tensors themselves are not identically zero. 

In §39 we shall show that there exist no B 2 m except Bi, and in §40 that 
there exist no A 2 m except ^4 and yle. In §42 we shall show that every law 
(107) is equivalent to 

( 110 ) A.m = 0 

with or without (97), so that every law of gravitation is equivalent to 

(110) with or without (97) and (94). In Appendix V it will be shown that 

(110) is equivalent to a set of laws 

(111) d6 = 0, 

and in §42 that (111) is equivalent to one or both of /le^O, {F^.,j = 0. 

In §41 it will be shown that .16 = 0 is equivalent to .S’(6) = 0, where 5(0 
is given in (119). Consequently every possible law of gravitation will be 
known. 

§39. The Tensors B 2 m- 

For wz = l the only B 2 is aE( 2 )\ it follows from (97) that the first re- 
duction of this is identically zero; hence it is a Bn, and 

(112) B2 = aF:(2). 

For m = 2 we have 

(113) B\ Bpy^vff “I” 

“I” (l^Iitpa^pp “f" ^\Epp^pff (^hEpo^pp “1” n^Epfxj^pp , 

If this is to be Bi then every one of its first reductions must be identically 
zero; since E^ 2 ) is not identically zero we are thus led to equations (99) 
with a = 0; hence Ui = 0 and there exists no B 4 . 

Theorem. There exists no Btm for w = 2, 3, 4. 

We have proved this above for ;w = 2; in Appendix III we prove it 
for w = 3, 4. 
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Proposition II. There exists no Bomfor m >4. 

Wc have not been able to prove that this proposition is correct, but 
there are good reasons for thinking so (Appendix III). 

§40. The Tensors 

For m — 2 the only /L is rt(iFf 4 )+ 0 ( 4 )) ; it follows from the way in 
which (103) was derived that every first reduction of this is identically 
zero; hence it is an A\, and 

(114) A puve </(ll' pyu/e "i” II pvfio) • 

We see readily, using (50), that 

(115) 2A pfip(f “f“ A p^pfi 3flll pppff , 

hence ^4 = 0 is equivalent to lFp^v«r==0. 

llefore treating the case w/ = 3 we define the following set of fifteen 
functions and their conjugates: 

Fi(«i, • • • ,ai{i) =Fi(«j) =</)i — 2a4-'2«5+a:7+as+aio+ai2”2ai3 — 2 q:i5 
F[(aj) ^</)i+a'i+a5~'2a7-- 2«8-~2aio — 2a:i2 4-ofi3+ai5 

F'lioij) =<^2“" 2a4“2af6'4’«7"b«9““2«io"- 2 «ii+«i3"I"«i4 

F'licL j) =<^2+o£4+a6“" 2a7~ 2Q:9+aio+«ii — 2ai3 — 2ai4 
FsCtV/) =^</)3“-2«5'“2a6'~2a8“- 2a9+aii+ai2+Qfi4+ai5 
F =0i+«i+a2+«8+«9"" 2aio — 2ai2 — 2ai3-- 2ai4 

Fr,(aj) =(l)h — 2«] — 2a3+a7+«8”" 2a£i()“2afii+aii+ai5 
Ffiiaj) =<^)6+«2+«3 — 2a7 — 2af9 — 2ofii — 2«i2+ai3+ai5 

(116) Fiiaj) ^07+«i+«2+«5+«6~”2afio — 2 o£ii — 2«i 3 — 2ai6 
P\(aj) ^<hH~ 2ofi — 2«34-«4+«64 -«ii+«i 2 — 2ai3 — 2ai4 
F\){aj) =</?y+«2+«3“"2ai— 2a6+«io+a!i2 — 2 cvi 4 — 2ai5 

Fu)((Xj) ^01O + «i + «2— 20 : 4 — 2of6-’2a7 — 2Q'9 + ai4 + «15 

Fn(oij) =<^ii+a2+«3 — 2ao—2«6+«7+«8”"2ai3 — 2ai4 
Finiaj) :^<^i2 — 2ai — 2«3“2a4— 2a6+of8+«9+«i3+«i5 
F^3((V;)=0i3+«i+« 2 — 2«4 — 2a6-"2af7 — 2rt8+«ll+«12 

Fi4(a^) =</)i4+a2+«3+«4+«6"”2a8“2a9“2aio — 2au 
• Fi5(«7)=</»i6““2«i--2a3+«6+«6— 2a7 — 2a9+«io+ai2. 
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Here we have written explicitly only the first two of the conjugate func- 
tions; the others are formed in exactly the same manner. The are un- 
determined functions which are introduced to obtain more generality. 
We shall abbreviate this set of equations by writing it 

PX»i) — <t>i + /•(«;) 

Ptiol,) ^ 4>t + fiioi]). 

We then have 

Lemma I. The set of equations 

- l\{oLi) = /,(«;) — Jfa,) = 0 
is of rank 9, and its most general solution is 

— — aa + «9 + otn 
= Oil — 0^4 + «14 

«6 = «9 + otn — au 
«7 = «i ““ Ofa — ai + Q!9 + an 
«s = «3 + «4 ™ ag 
«io = — aa — a4 + Ofg + oti i 

otn = «3 + «4 ai4 
«ia = «4 + «ii — ecu 

a:i5 = ai — a4 + «9, 

where ai, as, a^, ag, «ii, and «i 4 are arbitrary. 

This fact is easily verified and will not be proved here. 

Lemma II. If 0i = 4ai then the set of 30 equations 

= 0 
= 0 

admits the unique solution ai — a, where a is arbitrary. 

This result is obtained by putting 0t=4ai in the equations Ff(aj) = 0, 
a-iid substituting in them the partial solution given in Lemma I. 
We are now ready to consider the case m — 3. Let us represent the term 

(107)by the symbol 56—1234; by (107), 
As is the sum of C4=15 such terms with distinct indices. If this is to be 
an ^6 then every one of its fifteen first reductions must vanish identically; 
this condition furnishes us equations in the a; in order that these equations 
have certain symmetry properties which make them readily solvable it is 
necessary to choose the order of the indices in a particular manner as 
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follows: We take A a equal to the sum of the following fifteen terms, each 
column of three terms being obtained from the preceding column by a 
substitution operation on pairs: 

56 - 1342 36 - 1254 45 - 1263 35 - 1246 46 - 1235 

(117) 34- 5126 25 - 3146 26 - 4135 24 - 3165 23 - 4156 

12 - 3564 14 - 2365 13 - 2456 16 - 2354 15 - 2463. 

If we reduce by the term Xr — • • • is called the base. Now if, for example, 

wc reduce by we obtain terms which may be reduced, by (50), into two 
sets, those in IVim and those in its conjugate 1^1132. On reduction by 
the base gives four times its « in each of the two sets of terms; if both of 
the reducing indices are on the right of the term in (117) we get zero (§37); 
if one of the reducing indices is on the left and the other on the right we 
obtain the W and iT' of the base. For example, if we reduce by the base 
is 56—1342; this term gives 4Q!i342(iri3i2+lku32) ; the term 34 — 5126 gives 
zero; the term 36—1254 gives «i2:>4(lFi234+ 11^324) which, by (50), is 
«i2r)4(--2n'i3i2+ 11^432). We may note that for each pair of reducing indices 
exactly nine terms of (117) have non-zero reductions. 

In the reduction equations obtained by reducing (117) three types of 
terms occur: 

Type 1: The numerical coefficients of in the equation and its 
conjugate are respectively +1 and —2. 

Type 2: The numerical coefficients of in the equation and its con- 
jugate are respectively —2 and +1. 

Type 3: The numerical coefficient of is the same in both the 
equation and its conjugate. 

The fundamental property of the table (117) is that terms of Type 3 
enter only from the base. Also in each reduction equation there are 
exactly four terms of each of Types 1 and 2. 

Let us denote the as by their order in (117) : 

«1312 ^ «5126 ^ * * * , 0'2463 — « 15 - 

Now if we reduce (117) in the C2=15 possible ways and equate them to 
zero we have the thirty equations (116) with </>i = 4ai; by Lemma II 
these equations have only the solution a» = a, an arbitrary constant; hence 
there exists only one Aq: 

A arptiv\ = .?aT(lFpMvX + llV/ix) + g<rp(lFx^TM + + ga/iC^Xpri/ + IFatpi;) 

a 

+ gap (iFpx., + n prXp) “1“ gax(lFMpi'T n pvpr) “f" grp(H pXvjr “f" H pp\a) 

(118) ”f" gT/i(ll p\ap d” 11 paXv) “f* gTr(ll pXpff ”1“ 11 p/iXer) “I” gTx(ll vppa d" H vppa) 

d- gpM(lL \vaT + ir Xffi'r ) + «p.(n' Xprtr + U’ Xrpo' ) + gpx(n’ pa TP + ir pra^ 

d" ^^^(ll <rpXT d" 11 ffXpr) d“ gpx(ll vpar d" H pap-t) d” gi'x(ll ppoj "f" H papa^ • 
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Theorem. There exists no 

This is proved in Appendix IV. 

Proposition III. There exists no Ai^njor m >4. 

We have not proved the correctness of this, but have good reasons for 
assuming it (Appendix IV). 

§41. The Tensor SarppLvx- 
Let us define a new tensor 


SoTpiivX — pfivX “i“ pXvr \pvT "f” fiprX "I" vXpu 

(119) X<rp» "f" ppcp “f" Spp^^ prXa "f" i^pxR parv “f" ffXpr 

+ ^mxH’ pavT ~i“ ^vX\V ppra • 

Then it is readily verified, using (50), that 


(120) — arpvp)^ ^prpXavy 

3a 


(121) — (^.rppvX+^ arpvpi^ — ^arppvX + ^irrpvpK *4" ^arXpvp “I” ^trrXvpp* 

a 


Hence 


(122) ■^oTppyX 2 ^3SprpX9v “f“ ^orppvX ”1“ ^arpvpX •^arXppp + ^crXvpp') • 


Properties of S^rpu^x- 

By equations (120) and (122) it follows at once that 5(6) =0 is equivalent 
to ^6 = 0. By (120) it follows that every first reduction of 5(6) is identically 
zero, since satisfies this property. Using (50) we can directly verify 
that 5(6) has the following symmetries: 


(123) 


JaaapvX 


= 5. 


aapavX 


= S. 


aappaX 


= 5. 


= 0, 


i.e., if any 3 of the subscripts are equal, then that component is identically 
zero. 


(124) 


i ^VTppvX ^Xvppro , 

\ ^(TTpppX ^arppvX y 


(125) 


{ 


^ffTppva + s ffTpvan "i” SffTpopv — 0 , 

Sxvpprv ”f" SyjipXrv “1“ 5pXpvT(r “ 0 J 


this last follows at once from the 3 preceeding ones. The following 15 
quantities have the same symmetries in p, /x, a as in (50) : 
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(126) 



'aappva y 

•^apavpa y 

^apvapa y 

•Jappffap y 

' paavap y 

^ pavaap. y 

O’ 

^*pa9puv y 

patrvpa y 

' ppaavtr y 

S pvatrap y 

5 pvapaa y 


'pvaaafi y 

5 pppatra y 



ppvaaa j 





5 


apnvaa ) 


the last five of these follow directly from the first seven by (124), the 15th 
from the 1st, the 14th from the 2nd, the 13th from the 6th, the 12th from 
the 3rd, the 11th from the 7th. 

In addition. 


(127) 

S' — S' 

^^appvva pappaa 

*5 ppaaPtt 0 , 

(128) 


^aa^y^B '^^^ayaB 


\ ^aafiyfiy ^(ifiayay 

^yyafiufi • 


From these symmetries (123 — 128) it follows that of the 4® =4,096 com- 
ponents of 5(6) there are at most 10 linearly independent ones, given by 
the subscripts 


112323 

112324 

223134 

112424 

113234 

224143 

113434 

223434. 

§42. The Laws Lom^O, 

114243 

334142 

Assuming the correctness of the Propositions in §§39 and 40 we know 
that there exist no Bin except 

/ B 2 

(129) . J4 


^ ^le • 

We shall now consider the general law with w^3, 
(130) L2rn^ A2.n + B2m = 0, 


By §39 if B 2 m is not identically zero one of its first reductions is not 
identically zero; by induction, at least one of its (w— l)st reductions is not 
identically zero and hence is a non-zero constant multiple of £(2)*, but every 
(w— l)st reduction of A 2 m is identically zero; hence there is an (/»— l)st 
reduction of L 2 m which is a non-zero constant multiple of £(2); hence (130) 
implies £(2) = 0 and hence £2^ = 0 and i42m = 0. But E^ 2 ) = A2m=^0 implies 
£2^=0 ; hence £2m = 0 is equivalent to ^2m = 0 and £(2) = 0 combined. If 
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52 m is identically zero then L 2 m — 0 is equivalent to vl 2 m = 0. Hence every 
law (130) is equivalent to 

(131) .Ism = 0 
with or without (07). 

Now consider (131) where A^m is not identically zero. By Appendix V 
-d 2 m = 0 is equivalent to the set of equations obtained by equating to zero 
all the (;;/-' 3)rd reductions of .Ism- Hence every possible law (107) is 
ecjuivalent to a set of laws Jti = 0, with or without (97) and (94). 

Now consider 

(132) A, = 0 , 

where Ae is not identically zero. If ,1 6 = ^4 6 then (132) is .16 = 0 , which is 
equivalent to .S'( 6 ) = 0. If Aa^^Aa then one of the first reductions of .le is 
not identically zero and must be 

(133) ^11(4) + ^11(4) , 


where a, 65 ^ 0 , 0. Hence (132) implies 



A p^pff (zTl 

ppva “f” ^11 pvpa 

0 . 

But 





2 . 1 ppij/<r “f” 2 . 1 p(Tj.p ~t“ 

- 1 pVpiT “}~ -4 pfffiy 

3t/ 1 1 ppvd 

hence 





a\\ Pfiva 

— b\\ pvpcr 0 ^ 



but a, 0 ; hence (132) is equivalent to 

(134) = 0. 


§43. The Laws of Gravitation, 

We have shown in §42 that every possible law of gravitation is equiv- 
alent to one or more of (94), (97), 1 F( 4 ) = 0 , 5(6) = 0. Hence the only possible 
laws oj gravitation are 

G = c, 




Sxrpi 


= 0 , 
= 0 , 
= 0 , 


and the combinations of 2 or more of these. 
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§44. The Divergence of Certain Tensors, 
For a tensor . .Mm (^-^m) 


(135) 

then by §11 


-^Ml-'-Mm-l — • • 'Mn, i 


^Mi-- Mm = 0 is equivalent to = 0. 

By §21 we have 

(136) 

It follows from §17 that 

± = Vv{A... ± b\,.) , 

From (34) it follows that at the origin of canonical coordinates of §28 
we have 


®"^Ml--*Mm“l ^-^Ml-'-Mm-l 


and hence 


(137) 

, dx. 

We shall now consider the value of the divergence of several of the fore- 
going tensors at the origin of canonical coordinates. 

By (135) 

<r <r ,P ,r 

Hence, by the first of (58), 


Now by (49) 


V.Gx = L — • 

M.a.o.T ox. 


(138) v.c; - 4 E + *’«' 

2 I».p.(r,r dx,\dXpdXT dXpdXa dXpdXt 

1 / dV ^®^Mr \ 

2 y,p,a,T \dx,dXpdXr dXydXpdX,/ 

1 / av \ 

+ ^ E s's "' — ————)> 

2 V ,p ,a ,T \d X,d XpU Xp uX,uXpOXr/ 


dXpdXp dXpdXp dXpdXt 
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By interchanging p with Vj and t with <t we find 


^ ( I 

2 K.p.a.r \dXvd.i[:pdjrr dx\dXpdx„/ 

= \ E rr'( 

^ 9 ,p ,(r ,T \ 


dXpdXydXa dXpdXydXr) 


Since this quantity is thus its own negative it must be zero. 
Thus (138) becomes 


Similarly 


II 

> 

1 V- 

— E 

^ p ,p .<r .r 


\dx\dxpdx 0 

VvGg,r 

= ^«'‘'77 = 

dG ^ 

d A'^ p ,p ,<r 


If we treat this as we did (138) we find 


= — - = E rg"^ ( ^.-7777 “ 77777“ ) ' 

SXfi V ,p ,a ,T \uXpi,uXpuX0 uXy^uXpuXf/ 


yjAfi V ,p ,a ,T \\iApiyj 

Comparing this with (139), we see that 

1 dG 

(140) VjGi =- ; 


(141) 

We also have 

^G,ir _ 

T— =Er 

d.r« 0 r 


dG 

vXig! = — - . 

d.Vu 


__ dRcfivT 1 / d g0r 

=Zr-— = v 

0 dXp a ,r \uXfiUXt>dXp 


0 Avd Xrd Xp d Xpd X'rd Xp d Avd Xt^d XpJ 

^ ^^gp9 d^, d^gpr 

dx0dxrdxp dXpdXjdXft dx0dXpdXp 


- JL \ 

dXp 2 a.T VdA'pdjf^d.Tp djTadAvdA’p dXpdXrdXft dx0dXpdXp/ 

Hence 

dGpv 1 „ / d^gp, d-'*^p, d^gp^r d^gpy \ 


dGfiv dGpv 1 

dXp dXp, 2 


a.T VdA-adA-rdA'^ 


p dXffdXpdXj, dAvdA',.dA*p dXadA’rdA’p 


dRppvT 

= Er-— • 

a ,T dA^,y 

a dRppv dRppvT 

v.R,,. = T,- — Er^ — 

0 d X 0 0 T U X 0 
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Hence 

(142) 

Also 

(143) 

(144) 

(145) 




dGui 


dGo\ 




dxp dx 

dG, 


PM ^ Gpfi 


dXa 


dXu 


1 dG 

^aGp^gpt, = gfivVaGp*^ = ~~ > 

2 c).v„ 


^ aGgppgv^ gpp^ oGg/ gpa 


dG 

dXy 


From the preceding relations we find, since 


^Guv dG. 


(146) 

(147) 

(148) 


v.f:; = — 


1 (IG 


4 dXu 


1 /TGp, TGpA 1 / dG dG\ 

V<r 1 1 ppp — I ■” I ■“ ( ^pv ^pv ) > 

2 \T.rp T'Xu/ 12 \ dxp dxp) 


V puv 


\p M 

TGp. XG 


X.i 


V 


It is to be noted that we have shown these relations only at the origin 
of canonical coordinates. 

By II of §18 we know that dG/dXp is a tensor, and by (34) we know that 
T'Gpp/TiXp is a tensor. Hence the relations (146-148) are between tensors. 
Hence by (60) the relations (146-148) are true at every point of every coordinate 
system. 

Another relation, that of Bianchi, is easily proved: 


(149) 


^RapvT X/? PPVT 

I ■” I — = 0 ; 

X.Vp X.\V X.Va 


for at the origin of canonical coordinates this becomes 


dRpavT ^ dRfrpvT ^ dRppvr ^ 

1 I _ = 0, 

dXp dXp dx„ 

which is verified directly by using (49); hence the relation (149) is true at 
every point. Similarly it is found that 


( 150 ) 


XA>p,.. ^ XAV. ^ VRp.pr X^ ppra 

iD.v, T;.v, T'.v, 
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It is now found readily, using (119), (135), (147), and (102) lhat 

(151) = 0 

is an identity. 

§45. Applications, 

Consider a tensor equation 

(152) ^Ml***/*m-l “ 0* 

On every solution of (152) we have also 

so that by (137) at the origin of canonical coordinates we have 

(153) = 0; 

since the left member of this equation is a tensor the equation holds at 
every point. Hence every solution of (152) is also a solution of (153). 

Now if (97) is true then by (146) we have 

dC 

— = 0 , 

d Xfi 

so that G = const. 

Hence by §43: 

With the 5 Postulates of §34 and the 3 Propositions of §§34, 39, 40 the 
only possible laws of gravitation are 

(94) G = c ; 

(154) G,. - kg,, = 0, {k^\G = const.) 

(134) Wp,va == Rpytva “h \Gpvg,(r ^Gpog,, \G,v^pff “h 2Gpagpv 

+ y^igpirgpv — gpvgpf) = 0 , 

{155) SffrppvX = gtrrW p,,\ + gaplV + gffpilV\p,T + gvAV pprX + grp^V 

+ grpWx cpv ”1“ grX^^ pnvv ~l” gpA^ prXiT 4" pirTV 4“ gpp^VoXpr 

4" gpX^V pvvT 4" gpX^V pftar ”0, 

(156) Wp,,a = 0 with G = Cf 

(157) Sarppyx = 0 with G = c, 

k 

Rppva 4“ ~{gpvgp 9 ■“ gpffgpp) = 0, 


(158) 
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(159) ”1“ S^p^XpvT "f“ “I” ^TpRffXpi" “f" ^rpRXffpp 

+ grxR PHav “i“ ^pv^prXa *4“ ^pX^parp “1“ f^pv^aXpr “I” ^pX^poPT + gvxR ppar 
"4" ^ gfiXgpp) "h gvpigppgXr gprgXp) 

“4* g<rp{gXpgpT ““ gXrgpp) “h gapigprgpX ”” ^pX^pr) ] = 0. 

We have obtained (158) by combining (154) with (134), and (159) by 
combining (154) with (155). 

The law of gravitation chosen by Einstein is (154). These laws wdll be 
discussed in the next chapter. 



CHAPTER VII 


APPLICATIONS TO THE SOLAR FIELD 

In the preceding chapter we saw that the only possible laws of gravita- 
tion under our postulates are given by (94), (154), (134), and (155 159). 
The law (94) can be omitted, as it determines but one of the ten 
Equation (154) is Einstein’s law, which will be considered la ter. f 

The equation (158) can not be used as a law of gravitation. For in 
case the total curvature G is zero it becomes Rp^va = 0y a necessary and 
sufficient condition that space-time be flat (§22). Thus the field is reducible 
by a transformation of coordinates to that of the Special Theory of Rela- 
tivity, which by definition means the absence of all matter. If G is not 
zero, it is in an}'^ case a constant. Similarly in this case it can be shownj 
that all solutions arc dcducible from any one of them by a transformation 
of coordinates. On this basis we shall reject (158). 

We shall now consider the equation 

(134) If pfipff — R ppvo “i” 2^pvgp<r 2^pvgpa 4“ 

4 “ ^pv^po) “ 0 . 

It has been shownff that this equation represents a necessary and 
sufficient condition that ds^ be reducible to the form 

(160) ds- = h \ - j^dx,^ + dx} 

L t-i 

where Ji is a function of the Xi. The fact that the condition is necessary 
indicates that (160) is a solution of (134) regardless of the form of the func- 
tion h. It is clear from this remark how indeterminate a theory we should 
obtain if we used (134) as a law of gravitation. In a given physical problem 
no integration of a set of partial differential equations would be required; 
it would merely be necessary to assign to the function h any value satisfy- 
ing the given boundary conditions. This does not mean, however, that the 
motion of a planet in the field of the sun, to take a physical example, is 
arbitrary under the law (134). We shall show later what limitations to 
the motion are imposed by the form of the solution (160), and in par- 
ticular that what might be called a “pseudo-Newtonian” situation is ad- 
missible, in which a planet revolves around the sun with its perihelion 

t When the text of this chapter was written we had not as yet found the tensor Sarppv\- 
Rather than revise this chapter we have inserted a few remarks on the subject in Appendix VI. 
t Veblcn: Invariants of Quadratic Differential Forms, p. 78. 
tt J* A. Schouten: Math, Zeitschr,^ 11, 1921, p. 58. 
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point fixed in heliocentric coordinates. Furthermore, it follows at once 
from the form of (160) that a ray of light is not deflected in passing the 
sun. We obtain, then, a gravitational field in which the path of a planet 
differs inappreciably from that required by the Newtonian law, and in 
which a ray of light behaves as in the classical electro-magnetic theory, as 
distinguished from the corpuscular theory. The fact that such a result is 
permissible under the fundamental postulates of Relativity, as set forth 
in §34, is interesting. 

It is to be especially noted that (134), contrary to Einstein’s law (154), 
permits the total curvature G to be other than a constant. It will be 
shown later that in the field of a mass-point, G is a monotonic decreas- 
ing function of the radius r, and at infinity approaches a constant 
given by the boundary conditions. Thus under this law every particle 
of matter is related to a variation in the total curvature, which ap- 
proaches zero as the distance from the particle increases, and may be 
thought of as superposed on the constant total curvature of the universe. 
On this theory it would be natural to expect the total curvature to be 
sensibly increased at a point inside a region containing a large number of 
particles, i.e., inside of ^^solid matter.^’ This type of gravitational theory 
seems to us a much more natural one than that arising from the usual 
Relativity law, since the latter calls for a sudden jump in the total curva- 
ture at the boundary of a mass. In order to obtain such a theory, and at 
the same time admit the Einstein deflection of light, it would be necessary 
to renounce one or both of Postulates IV and V of §34. f 

We can combine equations (134) and (94). Then the function h of 

(160) ceases to be arbitrary. In particular we shall consider the case G = 0. 
Then 

(161) Rpfiva 4" 2^pvf^fi(r 2^ 4“ ^ 0* 

We require a solution of this set of equations for the solar field. We also 
wish to know the form of the solution (160) of (134) in another system of 
coordinates; instead of transforming (160) we shall set up the required 
equations directly in the new system. 

It has been shownj that in polar coordinates the ds'^ for a static, radially 
symmetric field may be written 

(162) ds^ = - e^dr^ - sin^ ed<l>^ 4- e^dt\ 

where X and v are functions of r alone, such that as r=F oo , 6^ = 6" = 1, using 
light units. For this ds“ all equations of (134) are identically zero except 
those containing exactly two distinct indices. Of these six equations only 
the following two are distinct: 

t Or we could adopt (155) as the law of gravitation. Cf. Appendix VI. 

t H. Weyl: Raum. ZeiL Materie, §31. 
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1 111 1 12 
v" XV + —!''* + — »' X' - 2 — + 2 — + — = 0, 

2 2 T f S ^ 


(163) 

We also find that 


1 1 

— (/ - XO + — e>‘G = 0. 

r 3 


r 1 1 1 1 1 n 

G = - e-x y" XV' + —I/'* + 2—1/' - 2— X' - 2— + 2— . 

12 2 r r r* r*J 

If this value of G be substituted in (163) both equations reduce to 

1 


(164) v” - —X'/ + —o'* + —X' 
2 2 r 


1 1 

2_ex + 2— = 0, 


as is required by the fact that h in (160) is arbitrary. Thus we may choose 
V arbitrarily, subject to the boundary conditions, f and X will be determined 
by (164). Put X=log Xi and ;'=log vi, and assume that Xi and vi are 
expansible as convergent power series in m/ r, so that 


(165) 


aitn am‘ 

Xi = l+ — + -- + 
r 

bim b^ni^ 

j/j = I -| 1 — |- 

r 


Then it is found by substituting in (164) that a\ — b\y 02 = • • • . 

Then 



We shall now consider the case where G = 0. Then the second equation* 
of (163) gives X' = j/', or \ = v, by the boundary conditions. The first of 
(163) becomes 

2 2 

e*' H = 0, 

r2 

which admits the solution 


V 



b?m^ 



where bi is an arbitrary constant. 
Thus in (162) 


(166) 


bitn 3 biM^ 

— gii = g44 = 1 d h — + • • • . 

r 4 


t We shall confine ourselves to the case where one boundary condition states that X = v = 0 
for f = 00 , and that X and v vanish with m. In this case (154) admits no solutions except those 
of the equations 
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The Schwartzschild solution of G„,=0 is 


1 bitn 

V, 1 + 

Xj r 

The constant bi is undetermined. 

We shall now study the solutions of the equations of motion of a mass- 
point in a radially symmetric field of the type we have been discussing. 
The equations of motion are those of the geodesic lines: 


(167) 




ds^ 


-+ z 


n dXa dXff 
ds ds 


Since the form of (162) is independent of the choice of gravitational 
law, we obtain great generality ])y avoiding the introduction of numerical 
quantities until after the integration. We shall merely assume that the 
of (162) are analytic functions of the variable m/r in every finite 
domain, so that 


= Xi = 1 + 

(168) 

e*' = vi = 1 

Then the equations (167) become 

dh 
*2 


ajm 

a2m^ 

H 

r 


him 

j 

^2^2 

r 


r sin2 ip ! 


+ 


+ 


^1 1 r/Xi/f/rV r /dd\^ r sin^ ^ 1 1 dvi / dtS^ 

2 Xi dr \ds) XiWiv Xi 2 Xi dr 

d^ 2 dr do ^ 

ds^ r ds ds 

d^(t) 2 dr d<t) dO d<i> 

1 _ — — 1 _ 2 cot ip — — = 0 

ds^ r ds ds ds ds 

d^t 1 1 dv\/di\^ 

+ (— ) = 0 . 

ds^ 2 vi dr \ds/ 

If </>=7r/2 and d<t>/ds = 0 initially, the third equation shows that the orbit 
remains in the plane <l>=w/2. The second and fourth equations lead 
respectively to the integrals 

do 

r2— = h 

(160) 

dt k 
ds Pi ’ 

where A and k are constants of integration. Using the relation 
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(170) ds^ Xidfi* - rW + vidP 

with (169), and putting u=\.fr, we are lead to the equation of the orbit 

(m) 

\dd/ \ivi \ I Xi 

We shall put a^=l / Then by (168) the right side is expressible 
as a power series in w, and (171) becomes 

/duY 1 n 

(172) ~ OL^ — + maio^u — meiP^u 


where 


— + m^f^Phi^ + ma\U^ 

+ mh^ahi^ -f . . . = p(u) ^ 

ei = ai bi 
^2 ~ ^2 — ^ 3 ^ 1 * 


/2 = — fl2 + ^1* ^2 + C^idi 

63 = — 2^16^2 (^7i • 

The unwritten terms are of order four, at the least, in «. If we differentiate 

(172) we obtain the equation 

^ ^ d^u 1 1 

(173) — - = —7na\a^ ^teiP^ — w + m^e^pL^u + m^fzp^u 

3 3 

+ -^naiu^ + + . . . = Q(w) . 

We shall show that there exists a circular orbit, i.e., a solution «=» con- 
stant of (172), which also satisfies (173), so that P(w)=0 and Q(«)=»0. 
Now the functional determinant of P and Q with respect to u and p^ does 
not vanish for u = P^=a^ = 0, Therefore by a well-known theoremf on 
implicit functions these equations admit a unique solution for u and j 3 * as 
power series in a^, vanishing with a*, and convergent for \a^ | < some 
positive constant. The solution is 

u = a^A = a* r mbi + w® ( — 6162 61® + ‘ * *1 

(174) 1-2^ \2 S J J 

jS® = a^B = a®|^l — -^^biW + • * • J. 

A and B are defined by these equations. The second gives 

(175) ife® = 1 - i»®6i®a* + • • • . 

4 

t Goursat-Hedrick: Mathematical Analysis. Vol. I, Chap. IX, §187. F. R. Moulton: 
Periodic Orbits. Chap. I, §1. 
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These values for u and define, then, circular orbits such that P=Q = 0. 
We note that if a* is sufficiently small k^<\, i.e., and bi<0, pro- 

vided that the orbits are real. 

We wish to study a particular class of the solutions of (172) or of (173), 
those that differ but slightly from the circular orbits just defined. We shall 
later impose the further condition that the orbits be closed with respect 
to a new independent variable, a constant multiple of 6. We put 

(176) = a%B + A^a^de) , 

where d and e are new constants, and make the change of variable 

(177) u = aM(l -j- ep) . 

We impose the initial conditions for 0 = 0, u{0) ^U=a^A (1+e), or p(0) = 1 
and further 

du dp 

— = — = Ofor0 = 0. 

^ dd 

Thus for 0 = 0 

(178) U = aU(l + e). 

Substituting for A its value from (174), this equation becomes 

^ = (1 + e)[ — \mb la^ -H a^(other terms)]. 

If |e I <1 and a* is sufficiently small, this requires bi<0, as in the circular 
case, since U is positive by definition. 

Before proceeding to the solution of (173) we shall show that the con- 
stants of integration h and k, introduced in (169), can be expressed as power 
series in U and e, and conversely that e is expressible in terms of h and 
so that the equation of the orbit (177) contains only these constants. It 
will be seen that the constant d of (176) is introduced merely for con- 
venience, and is directly expressible as a power series in ol^ and e. 

Now (178) can be solved at once for a} as a unique power series in U 
and e, of the form 

S’*" 

To obtain the corresponding value of k we substitute (176) and (178) in 
(172) for 0 = 0, i.e., in P = 0, remembering that w=aM, satisfy 

P = 0 and 0 = 0. The calculation is simplified by use of the following 
lemma: 

Consider a power series 

Pi(m) = ^0 + piu + + • • • = 0, 

with a root « = 44. If weput w = 44(l+g), we find 

Pi = piAe + Ip^A^e + p 2 A^e^ + • * • = 0. 
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From the Binomial Theorem it follows that the terms in e may be written 

e ^nPnA''. 

n 

Now suppose that u = A is also a root of the derived equation Fi(u) =0. 
Then 

jPi (w) = + 2p2A + 3psA^ + • • • = 0. 

If this equation be multiplied by Aeit may be written 

e = 0. 

n 

Thus Pi contains no terms in e^. 

Using this lemma the result of our substitution in (172) is, after dividing 
by A We, 

d — meiAa^d — meiAaMe — e Ar ni^e^pWe + m^J^A^a^d + Im^f^A^^a^de 

+ m^f2AWde^ + ni^f2BoL“e + hnaiAoAe + ma\Aa-er + ••••=(). 

The omitted terms contain as a factor, vanish for d = c = 0, and contain 
no terms of the form d^e^. This equation can be solved for cl uniquely as a 
power series in e and a-, vanishing with e; the explicit solution is 

( 179 ) d = c(l + a^D), 

where 

D = m^iaibi — —{e2 + / 2 ) — lb?e) + a2(othcr terms) . 

If we substitute this result in (176) we obtain 

== + a^A^e^il + aW ) , 


or 

(180) = 1 — \m^bi^a^{\ — e^) + a^(other terms) 

It is clear from this that if a- is small, and if e“<l, then ^-<1, or a“>i3^ 
As approaches zero approaches the value B of (174), which leads to 
a circular orbit. This is clearly the minimum value of for all values of e 
that satisfy the condition necessary to secure the convergence of (179). 
Thus k^, and hence k, is determined in terms of cP, e, or, by a previous 
remark, in terms of U, e. 

In integrating (173) two new constants must be introduced. One of 
them is known at once, since (173) was derived from (172), so that the latter 
serves as an integral with known constant. The second new constant of 
integration, which enters as an additive constant to B, was taken to be 
zero when we took 0 = 0 as the value of B corresponding to the nearest 
apse. It follows that the equation of the orbit (177) must be expressible as 
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a function of only a{ = \Jh), k, and 6. To accomplish this it is necessary 
to solve (180) for e. The equation may be written 

r 4 7 

=±eil+aWiyi\ 

L w’or a* J 

where 7 = 1 — A®, is a power series in and A a power series in a*, e. 
The left member, which is real, can be expanded as a convergent power 
series in y/a^ and a*. As we wish e to l>e positive, the plus sign is required. 
We may then solve for c as a power scries in y/a‘‘ and «'■*, of the form 



where £ is a power series in y/a^ and a*, and 1 >£>(). The series will 
converge for sufficiently small values of y/a'‘ and a-. The form of (180) 
shows that ■iy/m%‘‘a‘^ is very slightly less than unity for small values of 
so that the left member of (181) is small. We have the inequality 
y/ot^<im^i^+a^ (other terms), or approximately, y/a^<lm^bi^. 

We turn now to the solution of (17.5), making the change of independent 
variable 

(182) , «=(l+5)»/V. 

where 5 is a constant. It will be proved that there exists a value of 5 such 
that (17,5) admits as solution a two-parameter family of closed curves, 
reducing to circles for e = 0; in other words there e.xist periodic solutions 
of period Itr, for small values of e. 

Now substitute (176), (177), and (182) in (17,5), and eliminate d by 
(17b) ; there results 

dV f r 3 "1 1 

(1*^3) — - -t- (1 -b d)p = (1 + 5)|»/’'|^f2-|-/2 — — -1- 

3 ri 3 3 

— m^ \ — b?f2 H hiez 

4 L4 2 2 

9 "I r 1 1 1 

+ “V + \ —-oib^ei b^ei 6iei(e2 + /a) 

8 J L 4 8 4 

1 1 3 I r3 9 

+ —b^fi -iiCjia +— 6i*ei \a.*e + m* \ — aibibt fliii* 

4 4 16 J L 4 16 

3 •] 1 1 

6i«3 \ot*ep* tn*bfeia*e^ -\ m*b?f 2 f)c*e^p 

4 J 8 4 

+ a® (other terms) , 
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SuflBicient conditions that a solution of an equation of this form be 
periodic are 

p { 2 t ) = p(0) 
p'(27r) = p'(0). 

In this case these equations are not independent, t the second implying the 
first, due to the presence of (172). It will be sufficient, then, to determine 6 
such that p'(27r) = 0. 

By the Cauchy-Poincare theorem equation (18J) can be integrated as 
a power series for p in e, convergent for 0g^g27r, provided that a® 
and e are sufficiently small. The initial conditions are now written in the 
form 

(184) p(0) = 1 ; p'(0) = 0. 

a“,e a^,e 

If this integration is carried out, we find that the equation p'(27r) = 0 
becomes 

(185) p'(27r) = — ttS + 7r^/«^(^2 + / 2 ) + P{a},e,h) = 0, 

where e, 8 ) is a power series in the quantities indicated. It vanishes 
for a^ = 6 = 0, thus containing no terms in e alone. For if a* = 0 in (185) 
there is a solution of period 27r if and only if 5 = 0 . Thus (185), for a^ = 0, 
must contain the factor 5. It follows that (185) admits a unique solution for 
5 as a power series in a- and c, vanishing with a-, and convergent for and 
e sufficiently small, which we shall write 

(186) 5 = 52 o«^ + 82 iOL^e + 6400 :^ + 54 icvV + 542«V2 + a®(other terms) . 

This expansion contains no terms in a-e, nor in aV, for no such terms 
are present in (183), and therefore in (185). With this value for 5 equation 
(183) admits a periodic solution of period 27r. The coefficients 5iy can be 
computed from (185). We shall, however, obtain the same result in the 
direct construction of the solution. J 

We can now integrate (183), after substituting (186) in it, in the form 

(187) p = Poo + P 2 o «2 + P 2 iOL^e + p 4 o«^ + pAiOi^e + P42«*e^ + a®(other terms), 

where the pu are each periodic in ^ with period 27r, and are subject 
also to the initial conditions (184). Substituting, then, (186) and (187) 
in (183), we obtain the set of equations 

t Cf. Moulton: loc. cit. Chap. II, §40. Poincar6; MHhodes Nouvellcs de la Micanique 
Cilesie. Vol. Ip. 87. 

t The existence of the periodic solution also follows from a general existence theorem 
due to W. D. MacMillan: Transactions of the Amer. Math. Society vol. XIII, 1912, p. 157. 
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(188) (a) Poo + Poo = 0 

(6) P20 + P20 = — S-ioPoo + [»F(e2 + /2) — |poo 

(c) P21 + P2i = — 621P00 + — f»»^uj6ipoo . 

The writing down of further equations is simplified by use of the solutions 
of these. In integrating each equation two constants of integration enter; 
they are uniquely determined by the initial conditions (184). The 
are uniquely determined by the periodicity conditions, as previously noted. 
In order that an equation of the type of (188) admit a solution of period 2ir, 
it is necessary that the coefiicient of each term in cos ^ be identically zero. 
Now the required solution of (188a) is pi)o = cos and since the equation 
for the general p./ contains precisely one term in which is of the form 
5 1 , Pud, it is clear that the abj)ve condition uniquely determines the 5,,, 
for all values of / and j. Furthermore, the right members of equations 

(188) are expressible in powers of cos yp, that is to say in cosines of integia ’ 
multiples of yp. None of these terms can give rise to non-periodic ten. s 
e.xcept those in cos yp, and these latter will have zero coefiicients. 

The solutions of the first three equations of (188) are 

(189) (a) Poo = cos ^ 

(■6) P20 = 0 

(r) P21 = \b? — — \h? cos yp + ^aihi cos 2yp \ , 

and 

(190) (6) Sjo = { fa “1“ /2 — 'Ofliii} 

(f) 621 ~ 0 . 

We can now simplify the further equations of (188), obtaining 

(188) (</) P40 + P40 = cosi^{ — ^40 + 620 + — Saibibt 

+ dVu - -W2]} 

(e) P41 + P41 = — 54 , cos^ -h -aw-l^ftifi — 3t/i6i|52o 

+ \>n*[a?b,^ 4- -Jaii.,5 + ^b,* -f Uibib^ 

— b?b« — b?e« — iai6i(f2 + /2)] 

-t- cos 2yp\ — ^wt*<Jii>i52o "h i>«^[3ai6it2 — ^Oil i 

- 36if3] } 

(/) P« + 04 i = cos^j — 642 + \m*b^f 2 — ^m^axbiPii] — 
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The solutions are 
(189) (d) P40 = 0 

(c) P41 = + {bi* + \a 1 h 1 b 2 — bfbt 

+ b?fi — IbiCi — %axbi{e2 + + cos^[— a?b? 

+ fliii* — jfti* + biCz — b^fz + 61*62 + Oi 6 i(c 2 + fi)] 
+ cos 2^[— fai*6i* + |ai6i* — \a1b1b2 + |6ie3 
+ Idibiie-i + /a)] } 

(/) P 42 = i>«'‘{20i6i* — bf — cos a 1*61* — 6i‘] — iai6i* cos 2^6 
+ ^\-a*6i* cos 34/} 


(190) (</) 540 = »jM*«i**i* - + -ioihbz - ibxCz - Wh 

+ (<’••! + /«)* ~ 3ai6i(<’2 + /s) } 

(c) 641 = 0 

(/) 542 = -|m«{fa?6i* - 3aM + 2b? f 2 } . 


With these results the equation of the orbit (177) becomes, after re- 
turning to the variable r= 1/zi, 


1 


(191) 


ahi 

r = ? 

I + ep 


where 


( 192 ) p = cos^ + \m^{b^ ~ haihi — b? cos^ + \aibi cos 2 yl/]a}e 

+ WlWbi^ - ^-iaxb? - Ian, + ibi^ + 3aiM2 + 2a,b,b2 

— bfa^ — 2 b? b2 — IbiGs + cos^[— a?b? + aiJi® + a?bi 

— — 2 a\b,a 2 — aibib^ "1" b?a 2 “b 2 b? b^ "b 

+ cos 2^[ — \an? + + \(i?bi — 0161^2 — ^16162 

+ \b,a,]\a^e + W[\a,b? - W + cos^[|6i^ - M^?] 

— \aib? cos 2^ + ^^a?b? cos 3 ^}aV + * ■ * . 


We have replaced ei, 62 ^/ 2 , and ez by their values as given by (172). 
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If the perihelion distance, equal to l/f/, is as great as in the case of the 
planet Mercury, the constant is extremely small, and the orbit will 
differ but slightly from a fixed ellipse in the ^-space, which is rotating uni- 
formly with respect to the 0 -space. The constant c is the measured eccen- 
tricity of the planet's orbit; it is related to the constants of integration 
of our problem by (181). It is most convenient to introduce the major 
semi-axis a, instead of using the determination of in terms of U, Then, 
considering the orbit as an ellipse in the ^-space, we have 


1 — m ^( — ^ 

— e^)a\_ \4 / 



This equation can be solved uniquely for as a power series in 1/a, 
giving 


2 1 r 

(193) ^ 

mhi{\ ~ e^) a L 


U2 


( 1 -^ 2 ) 


3 “I 1 


+ 


Since 0=\/l+5^, and d is given by (186) and (190), we obtain at 
once a formula for the angular change in the perihelion point per revolu- 
tion, measured in radians. Denoting this change by A we find 

(194) A == 27r(l + 5)i/‘- - 27r = Tr7n^[bi^ - 62 ~ ^aibi]a^ 

+ irm* + laibibi 

+ SaibiOi + lb?(i2 — + i 62 -]a‘ 

+ + ]U?b? - - ^b?a2 - ib?b2]a*e^ + • • • . 


In this result we eliminate a- by use of (193), and A is expressed in terms 
of only ai, bi, a and e\ a positive value corresponds to an advance of peri- 
helion in the direction of the planet's motion. For our present purposes 
we can neglect all but the first term, giving 



It is of interest to note that of the coefficients a,, 0t, this result contains 
only ai, bi and b^- Under our initial assumption concerning the singularities 
of the gy,y in this problem, our formulae for A are valid for any law of 
gravitation satisfying the first three postulates of §34. In other words the 
validity o^ the formulae does not depend on the linearity of the equation 
expressing the law in the second derivatives, nor on the order of derivatives 
that enter. 
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For Einstein^s law G\„ = 0, we obtain from the Schwarzschild solution, 
(p. 91), taking 6i= -2, 

= — fli = — 2, ^2 ~ 0. 

67rw 

A 

(1 — e^)a 

This is the well-known result, leading, in the case of the planet Mercury, to 
an advance of perihelion of approximately 43" per century. 

Now consider the law (161), which is equivalent to (134) with G = 0. 
Its solution for this case is given in (166). Giving the arbitrary constant 
h\ the value — 2, as in the Einstein case, we have 


Then 

(196) 


6i = = — 2, 62 = 3. 


Then 

(197) 


irm 

A 

(1 - e^)a 


Thus the law (161) calls for a retrograde motion of perihelion at the rate of 
one sixth that of the Einstein law, or roughly — 7" per century. 

In the case of the law (134) it will be recalled that the bi of (165) may 
be arbitrarily chosen. As in previous cases we lake 61= —2; then ai= — 2. 
The formula (195) then becomes 


(198) 


lirm 

(1 - e^)a 





here 62 is entirely arbitrary. By assigning 62= —4 we obtain exactly the 
advance of perihelion indicated in (196) for the Einstein law. For 62 = 2 
we have A = 0. Since the law (134) implies a zero deflection of light rays, 
this case represents precisely the state of affairs in the classical theory before 
the advent of Relativity. Its interest here is due to the fact that it is permis- 
sible under the postulates of §34. It does not seem, furthermore, that we 
can introduce any further postulates which are physically justifiable, 
and which lead to the elimination of the law (134). It is surely not justi- 
fiable to postulate that the divergence of the tensor be identically zero,t 
since we are interested only in the solutions of the tensor equation, and the 
divergence is always zero on the solutions (§ 45). A further discussion 
of the postulates involves the introduction of a matter tensor. The argu- 
ment then depends on the concept of continuous regions of matter. But 
there seems no justification for introducing postulates that cannot be 

t It is worthy of note that of the possible laws of gravitation listed in §45, only 
has its divergence identically zero, by (151 ). 
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based on a consideration of the gravitational field in free space alone. 
In any event, we shall limit our attention in this treatment to the latter 
case. 

Knowing the equation of the orbit of a planet in the sun^s field, we can 
easily find its period of revolution. From the equations (169) and (170), 
substituting (182), we obtain 


(199) 


dt 

d\f/ 


+ 5)^/^ 

Vi 


The value of vi is given in (168), that of r in (191) and (192), that of 8 in 
(186) and (190), and 13 is given by (180). If we make all of these substitu- 
tions and arrange the result according to powers of a the equation becomes 


( 200 ) 


dt 

dip 


4 11 11" 

(1 + « cos \py O'* (1 + 6 cos \py a 


b2 1 

+ 6 (1 

2 



2 

1 + ^ cos \p 


1 

a 


1 1 r 

H eH - 2 H h 2cos^ 

(1 + e cos \py a L 

+ 'a (other terms) . 


4 


ai 


bi 


— cos 2\p 
bi 


The period of revolution, from perihelion to perihelion, which we shall de- 
note by T, is equal to the right member of this equation, integrated between 
the limits ^ = 0 and \p=2Tr. 

The integration can be performed directly, since 


X 

X 


2t 


2v 


dip 

1 + « cos }p 

dip 

(1 + e cos \pY 


27r 

(1 - 

2t 

(1 - c2)^' 


and the remaining integrals can be evaluated in terms of these. Or the 
fourth term can be integrated as a power series in e, since | e | <1. Per- 
forming the integration we obtain 


( 201 ) 


St 

T = 


1 1 f 27r r ai bi" 

— + —< -4 + 6 — 

«« a\(l-e2)3/l b?J 


+ 


37r 


(1 - e^) 


1/2 


+ 2t 
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Eliminating a by (193) we obtain, assuming that fti<0, 


(202) T = 


47ro®/* 


+ 




(2)i/%i/ 2( - 6,)‘'* (2)‘/*(l - e*) 

12 ir 62 w‘'»a‘« 2Tm»/*(- 

“ (2)i/ 2(_ 6, )»/»(!- e*) (2) 1/2(1 _ ^2) 


[ fli 


-6i?l 

6,*J 


3 27r 

+ — ^^>/»(- 6i)i/V/* + ^^ot1/*(- 6i)i/«( 1 - c»)‘/V/* 
[(_2 + ^).._ 3 ..+ ... ]+..., 


The first term is very large compared to the sum of the others. If the con- 
stant 6i, which is left arbitrary by every law of gravitation that we have 
considered, is given the value —2, this term is identical with the Newtonian 
expression 


27ra3/2 



To obtain T in seconds it is necessary to divide by the velocity of light c. 
We shall evaluate (202) for the law G^v=0. Then — 6i = ai = 2; 62 = 0, and, 
after expanding the right member in powers of e, we have 

(203) T = + - 3e^ , 

For the planet Mercury the ratio of the second term to the first is approxi- 
mately 7.3X10“^ which gives an increase in the period of one revolu- 
tion of approximately .56 seconds, compared to the Newtonian period.f 
We have considered above what has been called the quasi-elliptic+ 
type of orbit. For the sake of completeness we shall mention in passing 
the quasi-parabolic type. In the preceding case it was found that k^<l. 
Consider now the case k^=l, or a^=P^. Then from (172) the equation 
p(u) = 0 admits the root u = 0. Removing this root we have an equation 

— mbia^ — u + m\e2 + f^ahi + maiu^ + • • • = 0, 

which can be solved for w as a power series in a*, 

« = — mh\a} -|_ . . . = 


t Cf. J. Chazy: Comptes Rendiis de VAcadimie des Sciences^ t. 176, 1923, p. 666. 
t E. T. Whittaker: Analytical Dynamics. 3r(l edition. C'hap. XV, §170. 
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Consider now from (173) the equation = or 

— imbia^ — w + ni^(e2 + f^a^u + -f . . . = 0 ; 

it admits the solution 

u = — \mhia} + • • • = aWi. 

We now transform (173) by 

ti = a\Vi + p), 

and impose the initial conditions 

p(0) = £/i - Fi, 

P'(0) = 0. 

Then, by the Cauchy-Poincare theorem the resulting equation may be 
integrated as a power series in convergent for any pre-assigned interval 
of d, provided that is sufhciently small. The solution is easily constructed 
and will be omitted here. It is characterized as quasi-parabolic by the fact 
that a is zero for P= tt. 

We come now to the quasi-hyperbolic type of orbit, for which )^“>1. 
We shall not stop to treat the class of these orbits that differs but slightly 
from the quasi-parabolic class, but pass on to the consideration of those 
for which is large. If we allow the mass m to approach zero these orbits 
approach straight lines, to which they are related in the way that elliptic 
orbits of small eccentricity arc related to circles. 

Returning to the equation of the orbit (172) we determine a value of u 
such that P(«) =0, which we select as the value of u for P = 0. To this end 
we put where the quantity may be regarded as small. 

Then the equation to be satisfied is 

— 77/3 Vi — U“Pi = 0, 

or 

/32(1 — ri) — — mbiu^ + (other terms) = 0. 

Now put 

(204) u = 

and the above equation becomes, after dividing by 

— mbirjP — mbirjPv — 2(1 — — (1 — rj)^fV 

— ^^62^(1 — rj)P^ — 2m^2'n{i — 'n)j3h — m^bovil — ‘n)pV 

— mbi(l — — 3mbi(i — rjy'^^v — 3mb\{\ — rjy^^Pv^ 

— mbi{l — rjy^^pv^ 4 . . . . = 0 . 
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It is easily seen that m and jS enter this equation only in the form (w/3)". 
It can be solved as a power series for v in vanishing with mfi. We thus 
obtain, substituting the solution in (204), 

(205) = (1 ~ 77)1/2^ - >61(1 - t/)3/2^2 _ • • •. 

Turning now to the equation (173) we write it 

dhi 1 1 

(206) h » = ma\(\ — ri)^^ + m'^e2Yifihi 

de^ 2 2 

3 

+ 771“/ 2 ^^ li + —>naiu^ + • • • . 

Under the initial conditions 

u{0) = U 

«'(0) = 0, 

this equation can be integrated as a power series in m and /3, convergent for 
any pre-assigned interval of provided that m and p are sufficiently small. 
The result of this integration is 

(207) = (1 — cosO + |-wai(l — 

+ — (1 — 77)3/2 — rf] COS0 — |wai(l — 77)132 cos 2 $ +••• , 

This is the equation of the orbit that we were seeking. The right side is 
analytic in 77. 

If in (207) we set w = 0 we have 

(P - 1)1/2 

(208) = (1 — cos d = cos 0, 

h 

the equation of a straight line. Now the case w = 0 is precisely that of the 
Special Theory of Relativity, whence wc obtain an interesting interpreta- 
tion of the constant k. From the Special Theory we have, in light units, 

/ds\^ /dxy /dyy /dzy 

\It) ~ ~ ui) ~ \di/ \JiJ ' 

or 

ds 

- = ± (1 - ni/2, 
dt 

where V is the velocity of the particle, in absolute value always less than 
or equal to unity. From (169) we have, for w = 0, 

ds __ 1 
dt k 
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so that, for k positive 

1 

k = 

(1 - 

Thus in the limiting case ;« = 0 the quantity k increases with the velocity. 
It follows by continuity that for small values of m and for orbits that do 
not dilTer too much from (208), large values of k correspond to large 
velocities of the ])lanet. It will be seen below that for the limiting case of 
motion at the speed of light k is infinite. 

Let us now consider the path of a ray of light which passes the mass 
m at a distance R=\/U. We obtain its equation at once from (207) by 
a proper determination of the ])arameters that enter. The motion of a ray 
of light is characterized by the fact that <A* = 0. Let us, then, allow ds to 
approach zero. In the limit we have, from (170), 



and from (160) 


/dt\^ k- 
\dd) 


Eliminating dt/dO and ])utting, as before, r= 1/z/, we obtain as the equation 
of the orbit 


Q u- k- 1 

Xi Ji~ Xii^i 


The comparison of this equation with (171) shows that the effect of taking 
//.? = () is to cause both // and k to approach infinity in such a way that 
We achieve our purpose, then, by ])utting «“ = (), or, what is 
ecjuivalent, r} = 0. Then (205) becomes 

(200) r = - lwb,l3~ + • • • . 

'Fliis eejuation can be solved as a power series for /3 in vanishing with G, 

i3 = r + hnbir^+ ■ • . 

The cciuation of the orbit (207) becomes 

(210) u = (3 cos ^ — y^mbx^- — \ma\fi~ cos 20 + • • • . 

In the application to the solar field L-''= \ 'R- is small, so that ])owers 
of 13 above the second may be neglected. Then (210) can be written in 
rectangular co()rdinates as 

1 1 1 

.V = — + —mbxt3[x^^ + - — m(/ii3y“(.v- + y-)-''*’. 
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The equations of the asymptotes to this curve are 

1 1 

jc = — + — W|8(ai - bi)y, 
P 2 


and the angle between them, which we may denote by x, is 

X = m^(ai — bi). 

To an order of accuracy enormously greater than that of observation we 
have 




1 


so that 

( 211 ) 


X == 


fn(ai — 6i) 

R 


For the Einstein law ai= — 6i = 2, which gives 

4w 



This is the well-known result; if R is put equal to the radius of the 
sun, so that the ray grazes the sun’s limb, it is found that x= 1".7S. For 
the law (134), or for the law (134) plus (94), we have ai = 6i, so that 
X = 0, a result which we knew in the first place from the form of the solutions 
of these laws. 

The equation (210) gives the path of a light ray for any law of gravita- 
tion, i.e. for any set of a,-, bi which satisfy a gravitational equation under 
the first three postulates of §34, in case the entire gravitational field in 
play is attributable to the mass w; in other words, provided that the 
reduce to the Galilean values for w — 0. 
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APPENDIX 1 

We give the proof of the lemma of §30 because of its brevity. 

Lemma. The k-order determinant Dk whose principal diagonal elements 
are 1+p, all other elements being 1, has the value 

Dk=ip + 

For consider the ^-ordcr determinant 


1 1 • • • 1 

1 1 +p • • • 1 


1 1 • - • 1 +p 


to evaluate this we subtract the first row from each other row, whereupon 
we obtain dk—p^'~^- If now we expand dk+\ by the elements of its first 
column we have 


hence 


dk-k-i = Dk — Mk) 


. Dk = dK+\ + kdk = p^ + ^P*”^ == (p + k)p^-^K 


If p = —m, we have 


Dk = (— — ni)m^'^^. 


APPENDIX II 

Theorem I. If every tensor A^ 2 m~ 2 ) obtained from a fundamental non- 
dijferenlial tensor A^m by double contraction of is identically zero 

then J( 2 wo is identically zero. 

By the method of §31, with pi 2 = P 2 i = 0 we find 


Hence 


Similarly 


Now 



A 


A1...12 = 


jH = , g 


12 = p21 — _ 


^12 


gn 

g 
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By hypothesis 

is an identity in gf,p. 

Let us take gi 2 = g 2 i = 0. Then by (1) 

1 1 

/ 1 ... 2 ... 2 -.* =0 

^11 g22 

for all giiP^O, g22?*^0. Hence in particular 

1 1 

— /I 221 •••1 = 0. 

gll g22 

But 1 . . .1 = ai . . .igii*". Hence .I 221 . . .1 = — . . .igu ^^ 22 * 

Let Aki^i be any component with k twos as indices. Then similarly 

1 m— 1 
2/2 = — ^1- --ign g22. 


Now again by (1) 


Thus 

Similarly 


1 1 

— /I ... 2 .. ^ A 

i?ii ^22 


=» 0. 


A M2 = 


J 2/2 — + • *1 gll ^22. 

gn 


(2) >l2r/2 = (- l)'’ai...ig;”^ ''g2'2 = (- l)"ag;';'^g22. 


But we must show that by choosing gi 2 = g 2 i = 0 we have not changed the 
value of .4 0 ^ 2 : 

In general ^l 2 r /2 = pii^"‘“'''P 22 -^ 2 r/ 2 ; hence .42r/2 = ^'gn this is not 
changed if we take gi 2 = g 2 i = 0. Hence (2) is correct. 

Now by (2) 

g“*l(0/2) + g““-l(2/2)..-2.--2.-. = 0, 
so that by (1), wdth general 

(3) g^M(i/2)...i...2... + g^^-l(i/2)..-2...i..- = 0 ; 

hence 


-1 (1/2) • • -2- . . = — -4(1/2)... 2 


Thus 
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( 1 / 2 ) • • • 2 - • - l - ■ .1 — -/I ( 1 / 2 ) • • -1 • • • 2 - • -1 ; 

but by (3) these two expressions are of opposite sign; thus (1/2) = 0. Now 
by (1) 

i;^b4()/2) + /J^^.4(2/2) + /»®bl(2/2) + = 0. 


Thus every 
Again by (1) 


-^(3/2) — “■ "'‘ 2(^12 J^22. 


(2/2) . . .22 + (3/2) • . .1222 + (3/2) . . -2122 + f |/2) . • .2222 = 0, 

which gives by (2) 


(3/2) - . .1222 + (3/2) . . -2122 = 0 ; 


thus 4a^ii"‘~“^i^2i?22 = 0, so that q: = 0, and .1.2,/2= J,/2 = d3/2 = 0; now it fol- 
lows readily from (1) that d2rn/2 = 0, so that .1=0, and the theorem is 
proved. 

Theorem II. The nuynher of linearly independent fundamental non- 
differential tensors of type (fin) is 

N(m) = 1-3 5 (2m - 1). 

A complete set of linearly independent ones is given by m successive multiplica- 
tions of g(2), with all possible orders of indices. 

We shall prove this theorem by induction. We have seen in §31 that 
il is true for i^) and (J); let us assume that it is true for where 
Then every vl2rn -2 can be expressed as stated. 

We now wish to show that 


Lemma I. For every .42m-2 there exists exactly one which is a sum of 
terms each of which is a product of m successive multiplications of g^ 2 )j such 
that every double contraction of g^-'*B 2 m is identically equal to d2;„_2. For 
example, the general J4 is, by (76) 


(4) 


Apfxyff y^paftpvy 


and w^e wish to find 
such that 


^Xrpnva 


= E 


S{VS(2)g{2) , 


^^g^ ^ B\x ppyij 

^^^g^^Bxrppya 

\p 


■£ 1 ppvtr > 


-‘1 TflVO y 


B\j ppyff — A \rp/i • 
va 


( 5 ) 



no 


LAW OF GRAVITATION IN RKLATIXTTY 


Let 

(6) = S^T{oL\gpfigvff -|- Ot^gpvgpir "f" Oi^gpagpy) “h gariotigppgpX 

+ «5gpi;gMX + «6.?pXgM»') + gvri * * * ) + guri * * * ) 

+ gprioingXpgpa + angXpgpa + OtirygXagpi) • 

Then (5) becomes 

(7) Ua,) = a(z = 1, • • • , 5), i3(/ = 6, • • • , 10), y{i = 11, • • • , 15), 

where Ihe/i arc linear homogeneous equations with constant coeflicients in 
the 15 quantities aj. Let (7) have the determinant D. Consider 

(8) fi(a,) = 0 15). 

If (8) is satisfied then every first reduction of (6) is identically zero, so 
that (6) is identically zero by Theorem I above; thus the only solution of 
(8) is «; = 0, so that hence (7) has a unique solution. 

Clearly by induction we can now prove the lemma. 

In a similar way we can prove 

Lemma II. For every set of k^Ci^ tensors ^42^-2 ^kere exists one tensor 
B^m which is a sum of terms each of which is a product of m successive multi- 
plications of g( 2 ) such that the tensors obtained by double contraction of 
are exactly the tensors T 2 m- 2 ; Ihe indices are specified then there exists exactly 
one such Bim- 

We are now in a position to prove Theorem II. For let A^m be a tensor 
of type f 2 m)- Then there are exactly C 2 '" tensors ^l 2 m -2 obtained by double 
contraction of Then by Lemma II there exists exactly one tensor 

B 2 m such that for every choice of indices the tensor obtained by double 
contraction of is the same as the tensor obtained by double contrac- 

tion of 2 m. Hence, if we set 

2m “ A 2m ■^2m 

we see that every tensor A 2 m -2 obtained from A 2 m by one reductioi^with 
g^^^ is identically zero; hence by Theorem I, Appendix I, the tensor i42m is 
identically zero, and hence yl 2 m = ^ 2 m. 

But B 2 m is of the form required in Theorem 2; hence A 2 m is of that form 
also. The value of N(m) is immediately calculated. 
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APPENDIX III 
Theorem I. There exists no Be . (Cf. §39.) 

By (107) we see that Be is the sum of 15 sets of terms of the form 

ab-cd ac‘hd ad- be 

\^12 ^ab^id I Otij f^ar^bd I OLij ^arl^brJ-^^ij j 

where the constant coefficients are symmetric in (a, b), in (r, d) and 
in (/, j) and also 

ab-rd fd-ab 

(1) aij = . 

If Be is to be a Be then by definition every first reduction of Be must be 
identically zero; hence, by §39, the coefficient of each of the six terms of 
each reduction is zero. If we reduce Be by then the coefficient of gedB^ij is 

ab-ed ac-bd ad -be bj-td bt-cd aj-td ai-cd 

4atj + aij + «,y + ot„i + aaj + oun + abj 

Let us introduce new variables 


ab-( d ab-t d ac-hd ad - he 

(2) Aij 4atj + Oft; + «,/ . 

Then if Be is to l)e a Be we have 


(3) 


ab-rd b]-cd bi-t d aj-td ai-td 

Atj + + OChj = 0. 


From (3) we have 


I f-i d ab-rd 

* i «& * L y 


and by (2) and (1) we have 


thus 

(4) 


ab-t d rd-ab 

-1 ly = -1 ty 


ab-td rd-ab A fed .ed-ij ab-ij ij-ab 

i j •* 1 1 y ^la6 ■•*«// A,-d ■‘'Lfi 


so that there care only 15 distinct A's, The solution of (2) is 

, ^ ab-rd ab-rd ar-bd ad-be 

(5) ISa^j == 5 A,j — A,j — -Ly ; 

substituting this in (3), and using (4), we have 


18^4i; + ) — (J,,£ At Aai +-46* + -Ui 

aii-6y ay6r/ ar -6/ ay*6f 

At Ac, + -4f, + Adi At A d% ) == 0. 
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If we interchange a with c and b with d and add, we obtain 

( 6 ) isj?;-' + SM*.':' + .i:/-' + .1.? " + ,1;;") 

bd-rj ac-dj ad-tj aihbj a rbd 

““ + Ahi + +-1.1 -f-l.i 

. ^ nc‘bj , ^ aj’hc ^ 

+ Adi + Adt ) = 0 . 


These are 15 homogeneous equations in the 15 quantities A. Let us number 
these equations {ij, ab^ cd) ])y the first term; let us now number the rows 
and columns of the symmetric determinant D of (fi) as follows: the row 
(ijj abj cd) corresponds to the equation of the same number; the column 
(jy, ab, cd) corresponds to the terms in We can now readily sec that 

the elements of D are as follows: Let the element in the row number r 
and column number c be Dn ', then 

3 pair alike Drv = IS (diagonal), 

when r c have ■ elements), 

’ only one upper pair alike D,,. = 5 (4 elements), 

no pair alike ~ 1 (g elements) ; 

this determinant we shall call D(IS, 0, 5, -1); we wish to show that it is 
not zero. To faci’itatct this we introduce the 


Lemma. 7/ 

n 

(7) 7^ () 0’ = 1. • • • .”) 

i-l 

then det aj; = 0 implies that del (t/i;— c)=() for every constant c. 


For consider the equations 


(8) 


= 0 

then 



• 

i a.P 

n n 

h = Yx, Y^^i = 

so that 


1-1 



Z-V) = 0 ; 

hence 




(i = 1, ■••,«) ; 




Y^cXi = 0 ; 

subtracting this from (8) we have 


(9) 




(f - I, • • • ,»). 


t Although in this case the introduction of this lemma makes no essential change in 
the proof that we have introduced it because there are many cases in which it is very 
useful in similar proofs. 
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Now every solution of (8) is also a solution of (9); if det at, = 0 then (8) 
has a solution with the xj not all zero and hence (9) has such a solution; 
thus det (flty— (;)=0. 

Our determinant /)(18, 0, 5, — 1) is one to which this lemma applies, 
with ^ = 30; hence if I>(18, 0, 5, —1) is zero then so is D(19, 1, 6, 0). It is 
easily verified, since D is symmetric, that 

(10) 7,0). 7X19,1,6,0) = D(aJ,y,8), 


where 


( 11 ) 


If we choose 


then 


a ~ 19« + 2fi 247, 

= a + 20^ 
y = 6a + 257, 

5 = 6i8 + 7y. 


a 



33 


; 7 


1 

n’ 


19 

IT’ 


^ = 7 = 5 = 


1 . 


Now I)(a, 0, 7 , 5) has its principal diagonal elements —19/11, and all its 
other elements equal to 1 ; hence by the lemma of Appendix I it is not zero; 
hence by (10) we have Z)(19, 1, 6, 0)7^0, so that D(18, 0, 5, —1)7^0. Now 
it follows from (6) and (4) that all the A")'"'' are zero, and hence by (S) all 
the a"; are zero. Thus J?6 is identically zero and there exists no 

Theorem II. There exists no Bs. 

The proof of this theorem is similar to the above and will not be given 
here. 


Proposition II. There exists no Bi„,Jor ;«>4. (Cf. §39.) 


From (107) we see that 
B-im — 


• ' * .?(2)7i(2). 


By Theorem 10 of §31 we see that this expression contains C 2 ”*A '(;;7 — 1) 
= constant coefficients. There are Cf' first reductions of B 2 m, 

each of which contains (;;/ — l)xY(w — 1) coefficients which are linear homo- 
geneous functions with constant coefficients of the coefficients of B 2 m- 
If B2m is to be a B 2 m then all its first reductions must be identically zero; 
if we use induction, assuming that the proposition is correct for w— 1, 
then every coefficient of every first reduction of B 2 m is zero. We are thus 
led to a set of linear homogeneous equations with constant coefficients in 
the mN{m) constants of B 2 m, the number of such equations being 
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Thus there are (/« — 1) times as many equations as 
there are variables (the constants of B 2 m)\ the conditions which these 
variables must satisfy become stronger as m increases. We have seen that 
for w = 3, 4 the conditions are so strong that all the variables must be zero; 
it seems very likely, therefore, that with m still greater the same will be 
true, so that there exists no for ;w>4. We have not been able to con- 
struct a rigorous proof of this. 

APPENDIX IV 

Theorem. There exists no A h- (Cf. §40.) 

By (107) we see that .1 » is a sum of terms of the form 

(1) (o£ 1342^M5M6^M7MS 4“ "P 713 ( lFMlMiM4M2 + If M 1 M 4 M 3 M 2 ) J 

the number of such terms in As with distinct indices is Cj=70; hence 
there are 210 constants a, 7 . If this is to be an As then by definition 
every one of its C 2=28 first reductions must be identically zero. Each 
first reduction is the sum of 15 terms as in (117) and 15 more with W 
replaced by IP ; for this sum to be identically zero each of these 30 terms 
must be zero; thus each first reduction of As leads to 30 linear homogeneous 
equations in the a, d, 7 . Hence we obtain a set of 840 linear homogeneous 
equations in the 210 quantities a, d, 7 - To obtain a set of equations whose 
solubility is feasible we take As equal to a sum of terms in which, as in the 
case of A 6 of §40, the indices are arranged in a definite way. We shall 
represent the term (1) by the symbol 5786— 1342; in general, the symbol 
abcd — ijkl shall represent the term 


We now take A s equal 

to the sum of the 70 terms 


*5786-1342 

5786-1342 

5786-1342 


3784-5126 

3486-5127 

3746-5128 


1782-3564 

1286-3574 

1726-3584 


*3786-1254 

3786-1254 

3786-1254 


2785-3146 

2586-3147 

2756-3148 


1784-2365 

1486-2375 

1746-2385 


4785-1263 

4586-1273 

4756-1283 


*2786-4135 

2786-4135 

2786-4135 

( 2 ) 

1783-2456 

1386-2457 

1736-2458 

3785-1246 

3586-1247 

3756-1248 


2784-3165 

2486-3175 

2746-3185 


*1786-2354 

1786-2354 

1786-2354 


*4786-1235 

4786-1235 

4786-1235 


2783-4156 

2386-4157 

2736-4158 


1785 - 2463 

1586-2473 

1756-2483. 



LAW OF GRAVITATION IN RKLATIVITY 


115 


By (2) we mean the sum of its 35 distinct terms (noting that each of the 
starred lines contains two repetitions), plus the sum of the 35 terms ob- 
tained from these by transposing the right and left sets of indices. Thus, 
for example, the first line of the first column represents the term written 
plus the term 1342 — 5786. When we wish to consider these terms we shall 
always refer to them as transposed. The array (2) is an extension of (117) 
of §40, and is obtained from it as follows: to get the first column we place 
78 between the two digits on the left of (117); to get the second column we 
place 87 after the first two digits on the left of (117), and then interchange 
6 and 7; to get the third column we place 78 in the second and fourth 
places on the left of (117), and then interchange 6 and 8. 

When we reduce (2) with the indices X, r arc called the reducing in- 
dices; the term ahcd—ijkl is called the base when X, r are chosen from 
Oy h, Cy d. For each reduction we specify the reducing indices and the base, 
and then consider only the coefficients of W iju and using the rela- 

tions (50), as we did in §40; when we equate this reduction identically to 
zero we obtain the two equations stating that these two coefficients are 
zero; thus each base yields two equations for each reduction. Each of 
these equations contains three terms derived from the base and, as in 
§40, eight others. 

We encounter in the reductions three types of terms, as defined in §40. 
In the previous case (w = 3) it was possible to construct (117) such that 
terms of type 3 enter only from the base. In this case such a construction 
is not possible; however, sets 1 to 4 below of reduction equations have this 
property. Furthermore, the properties of (2) are such that we can solve 
the 840 reduction equations in several successive sets, the largest numerical 
determinant to be evaluated being of order 15. For brevity we shall indi- 
cate these sets in tabular form, giving the choice of bases and reducing in- 
dices that give each set of equations. 

Skt 1 Base Reducing indices of the base 

Each term of column 1 1st and 4th digits 

For example, the first base is 5786— 1342 and the reducing indices are 5, 6. 
There arc thus 15 terms used as base, leading to 30 equations. This set is 
clearly the same as that obtained from (117) except that here each equation 
has the factor gis (which can be omitted since it is not identically zero) and 
that the <bi are different, namely = *!«£+/?» + 7^ so that with the notation 
of §40, Set 1 is 


from which 


4ai + + 7< + /*(«;) = 0 

4ai + ^i + 7i + /.(«;) =0, 
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(4) fXotj) - fiioLj) = 0, 

whose solution is given in Lemma I of §40. 

Set 2 Base 

Each term of column 2 


Reducing indices 
1st and 2nd digits 


We obtain the same set of equations, but with a cyclic interchange of 
oti, 7,-, so that 

(Xi + 4/i, + 7, + fiifij) = 0 

(5) 

«. + 4^3, + 7.- + /,(/^,) =0, 

(6) Ufij)- 1(8 ;) = 0. 


Set 3 Base Reducing indices 

Each term of column 3 1st and 3rd digits 

In this case we get 

ai + + 47, + fXyi) = 0 

+ /?! + 47 , 4* 7i(7j) 0 , 


(8) /.(7.) - 7.(T;) =0. 

The solutions of equations (4), (6) and (8) are given in Lemma I of 
§40. It is to be understood that in this case, as in §40, we have numbered 
the variables «, jS, 7 by lines of the table; but here the «»•, for example, 
represent different variables in the sets 1 to 3. For example in Set 1, 
«2 = «5126, while in Set 2,a2 = «6i27, etc. From now on we shall drop this 
condensed notation in the interest of clarity. 

By Lemma I of §40 the solution of (4) is 

«nl26 = — «3064 + «24 o 6 + «.U05 
«;ni6 = «1342 “ «1254 4" «4i:)6 

a23fin = «24 o 6 4" «3l6.j «llo6 

Ofl2r,3 = «1342 “■ «356l — «i2.'ii + «2i:i6 4’!^<^3165 

a4135 = a3364 4" «1254 a24.i6 

«1246 = ai342 — 0:3364 Ofi2r,4 4" «24r)fi 4" Of4i56 

«2354 = 0:3:, 61 4" 0:1254 0:1156 

«1235 = 0:1234 4" 0:3165 — 0:4156 

0:2163 = 0:1342 ~ «1254 4" 0:2456. 

The solutions of (6) and (8) are obtained from (9) by a cyclic interchange 
of the variables o:, j3, 7 and by a simultaneous cyclic interchange of the 
indices 6, 7, 8. If we substitute these three sets of equations into (3), we 
obtain 
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*71342 = — /3i312 — 2q:i 342 + «2456 + a3165 

7fil2G = — f?5126 + a:i342 + 3a;j564 “ 2a2ir»6 — 2a3i6.> 

73564 = — ^^3564 + «1312 — 3^3564 + a2456 + «3i6.-i 

*71254 = — ^1254 + «1312 — 3ai254 + «2456 + Ofsinr, 

73116 = — ^3146 — 2Qfi3i2 + 3ai254 + «2456 + a3165 ” 3an56 

72365 = — ^2365 + ai.{42 “* 2^2456 — * 2a;3ir,r, + 3«415G 

71263 = — ^1263 — 2«I312 + 3a3.'J6i + 3 q'i 25I ” 2a24G6 ““ 2a3iG3 
(10) 74135 = ^4135 H“ ^>^1312 3^3;, 64 3ai251 “h 4a24r)6 “h Of3i6j 

72156 = — /32156 + «13 12 — 2a2456 + «3i65 

71246 = — ^1246 — 2^1312 + 3«356 1 + v^ai231 — 2a2456 + «3165 3a4156 

73165 = — /33165 + «1312 — «5126 ” «3564 + 2a2456 ““ «3165 
*72354 = — ^2354 + «1312 ” 3^3364 “ 3ofi251 + a2456 + «3165 + 3a4i;,6 

*71235 = — /Il235 + «1312 ~ 3ai254 + «2456 ““ 2a3i65 + 3a4ir,G 

71156 = — /1 1156 + «1312 “■ «5126 “ «3564 + 2^2 456 + 2a.UGr, “ 3a4ir,6 

72463 = — /32163 — 2«i342 + 3ai25l — 2o:2456 + «3165. 

1'hc corrcsiHinding sets obtained from (5) and (7) are obtained from the set 
(10), as in the case of (0), by cyclic interchanges of the variables a, jS, 7, 
and of the indices 6, 7, S. The asterisks indicate those equations in which 
the variable on the left occurs in a starred line of (2). 

The 1<S variables given on the right sides of (0) and its two related sets 
are entirely arbitrary uj) to this ]K)int. We now show that there are fifteen 
relations between these variables that elTectively reduce the arbitrary 
variables to three. These relations are the starred equations of (10) and 
its two related sets, and may be written, after further elimination by (9): 

71312 + /Il312 + 2afi3i2 — a2456 “ «.n65 = 0 

«1342 + 713 42 + 2/3t342 — 1^2 157 ” a3175 = 0 

+ « 1.142 + 2713 12 — 7215S ” 73185 = 0 
71254 + /:il251 + «1342 + 3^1254 “ «2 1.56 ” «3165 = 0 

«1254 + 71254 + ^^1342 + 3i3i254 “ ^21:^1 — = 0 

^125 4 + O'] 254 + 71312 + 37i251 “ 72 458 — 73185 = 0 

73584 + 71251 — 72458 + /^3574 + ^^1254 — 02A:^7 — ai.342 + 3«3564 + 3a!i251 
‘I«2156 •“ «3165 = 0 

73584 + 71254 — 72158 + «.1564 + «1254 — «2156 — |3l312 + 3/^3574 + 3j3i254 

“ “1^12157 ^1317.5 = 0 
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^3574 + i3l2&4 ““ ^^2457 + Of3ft64 + «1254 ““ «24r>6 7 1342 + 373584 + 37i254 

*l724n8 73185 = 0 

73584 + 71254 74158 + /^3574 + PubA PaUI «1342 + 3a3564 + 3ai264 

"* «245« ““ «3165 “ 3a4i56 = 0 

73584 + 7 1254 74158 + «3561 + «1254 ^4156 — PuA 2 + 3i83574 + 3|3i254 

— ^2457 “ ^3175 — ^pAlbl = 0 

PdblA 4“ ^1254 ^4157 4“ «3564 4" «1254 — Of4lo6 7l342 4" 373584 4* 37 1254 

72458 "" 73185 3741;, « = 0 

71254 4“ 73185 ~ 74158 4" Pl 2 bA 4- ^3175 “ 04157 — ai342 4“ 3«1254 «2456 4" 2a3i65 

— 3a4i36 = 0 

7l2r>4 4" 73185 — 74158 + ai254 4" 0^3165 “ a4156 01342 4“ 301254 02157 4“ 203175 

“ 304157 = 0 

01254 + 03175 04157 4" «1254 4~ ^3165 ” OfusG "" 71342 4" 37i25t ““ 72458 4" 273185 

— 374158 = 0. 

The matrix of this set of equations is of rank 15, and the solution is 

«3165 = «4156 = «2156 = «3564 — « 

03175 = 04157 = 02457 = 03574 — 0 
73185 = 74158 = 72158 = 7 3581 ^ 7 
«1342 = «1231 = — ^0 — §7 ^ 5 1 

01342 = 01254 = 2« 4“ f0 ~ W = ^2 

71312 = 71254 = — |04” ^7^^3, 

where a, 0, 7, 5i, 82 , 83 are defined as here indicated. 

We substitute this solution in (10) and its related sets. Before doing 
this, however, wc introduce one other notation that is almost required in 
the sequel. We shall denote by the set of a,ju that contain exactly one 
subscript six, and neither of the subscripts 7 and 8, by 7(7) the set of yij^i 
with exactly one subscript seven, and neither of the subscripts 6 and 8, 
etc. The same holds for a (67) or 0(678), for example. An asterisk attached to 
a variable will indicate that no 6, 7, or 8 is among the subscripts. We may 
then write the result of this substitution as 

«* = 5 i; 0* = 62; 7* = 53, 

«C6) = a; 0(6) = 0; 7(6) = 7, 

7 (6) = — 0(6) 4“ ni, 

«(7) = — 7(7) + 1?2, 

0(8) = — a(8) 4" 1?3, 


( 11 ) 
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where 

hoc — hfi - ^ 7 , 

172 = — hot + h(i — hy, 
lya = — 1« - JjS + hy- 


Set 4 Base 

(a) Each starred term of column 1 

(b) Each starred term of column 1 

(c) Each starred term of column 1 


Reducing indices 

6.7 
6 , 8 

7.8 


We have 5 bases each with 3 reductions; hence we obtain 30 equations. 
In writing these equations we shall express them by (11) in terms of only 
’7t> ^(6), «(7), «(8). The first set (a) may be written (noting that each 
term on the left is of type I or 2 (§40)): 


WuiG + + ^ll246 -^^24fi.3 ““ 2^3147 + ai273 + «1247 2a2473 

= 5i 62 4^3 

— 2/ili263 — 2/5 j 246 + f^2m + 0!3n7 2ai275 — 2ai217 + «2473 


— — — do — 463 

2^1246 — /3:,126 ^ 2/^4156 + 02456 + 2afi217 a5127 — «4157 + a24:)7 

80 — 45:4 + ^1 + 7?2 
(conjugate of above) = — di — 80 — 46., + Vi +V2 

“ 03146 — 0316.5 — 203:, 64 + 2041;, 6 — a3147 ~ Of317.5 ” 2Qf3:,7 j + 2a4i37 

= 8 1 — 8o — 463 

(conjugate of above) = — 8^ — 62 — 463 + Srji + 3r;2 
202365 — 02163 024.56 + 203564 + 2a237.5 ~ ^2473 ” <^2457 + 2a3574 

= 8i So — 4^3 + 2t;i 4" 2r7o 
(conjugate of above) = ~ 5i- 82 - 4^3 + 2r7i + 2rj2 

201263 + 0.5126 + 03165 — 202365 + 2ofi273 + «5127 + 0:3175 “ 2a2375 

= Si — So — 4S3 “h 2771 -f- 2ri2 

(conjugate of above) = - Si — So — 4S3 — 171 — 772 
The second set (b) may be written: 
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2^^3146 ““ /5i 263 ”” ^^12 16 + 202463 “ 2a3i48 + «1283 + OfioiS 2a24S3 

= — 6 i — 4^2 — 63 -f- 2 i 7 i 
(conjugate of above) = — 6i — 452 — Ss + 2r;i 

”” 201246 + 0{il26 + 204156 ”■ 02456 + 2ai2l8 “ «512S ~ 2a 1158 + a2458 

= — - 61 — 452 53 + 171 + 1?3 

(conjugate of above) = — 5i — 452 — 53 + r/i + ^3 

(12b) 03146 + 03165 + 203564 204156 ““ IS 0^3185 *“ 2a3:,S4 + 2a4i.'i8 

= — 5i — 452 5.3 + 2rii 

(conjugate of above) = — 5i — 452 — ^3 — vi 

202365 + 02463 + 02456 — 203564 “L 2a2385 “ «2 1S3 «2158 4“ 2a3584 

= — 5i — 452 — 5.3 4“ 2r73 
(conjugate of above) = -- 6i — 452 — Sa 4- 2r}z 
201263 05126 — 03165 4" 202365 + 2ai283 4“ «5128 4“ «31S5 “ 2a23S5 

= — 5i — 452 — ^3 4" 2 i73 
(conjugate of above) = — 5i — 452 — 53 4“ — 773 

The third set (c) will not be written explicitly, as it follows from the other 
two by simple considerations of symmetry. 

The sum of the equations (12a) is 

5i 4" ^2 4" 453 4" ^1 4" 772 = 0, 
or 

« 4” 0 ““ 67 = 0. 

Similarly the sum of equations (12b) is 

a — 60 4~ T ~ 11. 

Equations (I2c), which are not written, give 

— 6a 4~ 0 4- 7 = 0 . 

The determinant of these three equations is distinct from zero, and they 
admit the unique solution a = 0 = 7 = 0. 4'hen our results (11) become 

0£* = 0* = 7* = = 0(7J = = 0 J 

7(6) = — 0(6), 

(1^) 7(7) = — «(7), 

0(8) = — «(8). 

From now on we shall use these results to eliminate the 7(6), 7(7), and 0,8; 
from all equations. 
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We have shown that 45 of the 210 unknowns are zero, and have ex- 
pressed 30 of those remaining in terms of another 30. 

We consider equations (12a), (1 2b), and (I2c), which have now become 
homogeneous in /8(G), «(?), «(8). The set (12c) is now a consequence of the 
other two. We shall solve (12a) for the a^) in terms of the i8(G), and (12b) 
for the a(8) in terms of the /3(6). Now, due to (13), the set (12b) is obtained 
from (12a) by replacing the index 7 by S, and changing the sign of the 
term in each case. Furthermore, we shall show later that «(?) = so 

that it will be necessary to consider only (12a). The equations may be 
written 

«1273 + 0'I247 = "" — 01216 

a 1157 — Q!i 247 = “ 011.-)6 + 01246 
«3.i74 nfar,7 = ■” 0.?564 + 041 o6 
«;i:i7 4 “ 0^2.37.5 = 03564 + 023C5 
” «1273 "h 0'2.37.5 = 0126.3 02365 

0:3147 4" 0^2473 — ““ 0.3146 02163 

“ «3117 0:3175 0.3116 + 0.316.^ 

«.)127 H“ 0:3175 = — 05126 -* 03165 
«5127 + «2157 = 0.5126 — 02456 
““ 0:2473 “ 0:2157 = 02463 "h 02456 • 

The first five equations are entirely independent of the last five. The 
matrix of coefficients of the left sides is of rank four, and the equations are 
consistent. The same is true of the last five. The solutions are 


0:1217 

= i/o 






0127.1 

=r — 

(Jo 

— 

01246 

- 

■ 0126.3 

0:1157 

= (Zo 

+ 

dx 

246 

fi 

n.5G 

0:3574 

= :/o 

+ 

fix 

216 "" 

fix 

3564 

00375 

= — 

(Jo 

— 

01246 

- 

" 02.365 


«.3117 = 

fi:2l7.i ^ ~~ (l.i — 0314G — 02463 

0:.U7.5 = — (I A — 03116 0.1165 

Of5127 = t /3 4“ 03116 ““ 05126 

0:2457 = 4“ 0.ni6 — 024 .j6i 


where a-i and arc arbitrary constants. 

We shall now show that a( 7 )=— iis slated above. To this end 
consider. 

Set 5 Base Reducing indices 

Each non-starred term of column 1 transposed. All pairs not containingG. 

For example, base 5126 — 3784, reducing indices 5, 1 and 5, 2 and 1, 2. 
There are 10 bases, each with 3 reductions, so that we get 60 equations. 
If in this set we subtract each equation from its conjugate wx obtain ten 
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equations «(?) = —«(»), ten equations 7(7) = —/3(8), (which was implied by 
a (7) = —0(8)), and ten other equations which are in fact a consequence 
of the first twenty. 

With the results that we now have it is an easy matter to show that there 
exists a unique solution of the 840 reduction equations, in which each of 
the 210 unknowns is zero. We shall be able to sketch the remaining steps 
only sufficiently to indicate the procedure. 


Sex 6 Base Reducing indices 

Each non-starred term of column 1. All pairs containing 7 but not 8. 

For example, base .1784—5126, reducing indices .1, 7 and 7, 4. There are 
40 equations. We may write these equations with the left members 
containing only a,67), 7(67), and the right members only a^^’) and (3(8). 

They divide into two equal sets, the forms of the left members of which are 
indicated by the examples 

^ll726 = «3175 + a2375 + ai27.1 


ai 7:.6 + ^2736 — Ofan.'i + «237 b — — .la.-, 127 . 


The twenty equations of the second type contain 5 triples, each determin- 
ing 3 of the (67) variables in terms of a(7), j8(6); the five remaining equations 
may be combined with ten of the first set to eliminate the (67) variables, 
yielding 5 equations between the a(7) and the |8{6). Now the remaining 10 
equations of the first set contain only 5 of the (67) variables, and thus yield 
an additional 5 equations between the a^) and the We note also in 
passing that the equations of Set 6 determine all of the (67) variables 
homogeneously in terms of a^) and /3(6,, so that if we show that all of these 
latter are zero, then all of the former are likewise zero. 

We have, then, ten equations between the 18 (6) and the aa,. We eliminate 
the latter variables by (14), and solve the resulting set for the /3(6) in terms 
of <72 and (I3, obtaining 


( 15 ) 


^5126 

^3364 

^3146 

^2363 

/ 3 i 263 


"" + ( 13 ) 

p24hfi — 03 

— (a^ ~ ih) 

3 

^1246 = {O 2 + (I 3 ) 

5 

1 

1 

— (ao + as) 

0 

03165 = (a 2 — 4a 3 ) 

5 

1 

“(3a2 — 2a3) 

/341B6 — — (72 

1 

1 

-—(02 + < 73 ) 

^2463 — — :r(®2 "I" <'■ 3 ) • 

5 

5 
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Set 7 Base Reducing indices 

Each non-s tarred term of column 2 All pairs containing 6 but 

not 8 

This gives 40 equations. Precisely the remarks made on Set 6 apply to 
Set 7, and we obtain ten equations for the |8(«) in terms of 02 and 03. Five 
of these equations turn out to be identical with five of those from Set 6. 
The remaining five, however, can be satisfied by (IS) only if 02=03 = 0. 
It follows that j8(8) = 0, and from (14) that a(7) = 0. By a previous remark 
this implies that a(67)=^(67) = 7(e7) = 0. We also have that a(8) = 0. 

To sum up, we have shown that every variable is zero, except those of 
the (68), (78), and (678) sets. 

Set 8 Base Reducing indices 

Every non-starred term of column 1 All pairs containing 8 but 

not 7 

This set of 40 equations has the same form as Set 6, and shows at once 
that a(«8) =^i(68) = 7(68) = 0. 


Set 9 Base Reducing indices 

Every non-starred term of column 2 All pairs containing 8 but 

not 6 

This set of 40 equations has the same form as Set 7, and shows at once that 

«( 78 ) =^( 78 ) = 7 ( 78 ) = 0. 

Set 10 Base Reducing indices 

Every non-starred term of column 2 All pairs containing one 7 
transposed 

This set of 60 equations gives immediately a, 678) = 7(878) =0. 

We have now shown that the reduction equations imply that each of 
the 210 variables is zero. This is a solution since the 840 reduction equations 
are homogeneous in the 210 variables. 'I'hus there exists no T(8,. 

Proposition III. There exists no Atm for m>A. (Cf. §40.) 

From (107) we see that 

»n— 2 

Aom = 2^(2) * • * g(2)(ir(4) + 1 ^( 4 )). 

By Theorem 10 of §31 this expression contains — constant 

coefficients. There are C2'" first reductions of J2m, each of which contains 
— coefficients which are linear homogeneous functions with 
constant coefficients of the coefficients of do,,,; the factor 2 is introduced 
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by the presence of 17(4) and If ^ 2 m is to be an A 2 m then all its first 

reductions must be identically zero; if we use induction, assuming that the 
proposition is correct for w— 1, then every coefficient of every first reduc- 
tion of is zero. We are thus led to a set of linear homogeneous equa- 
tions with constant coefficients in the Cl'''N{m — 2) constants of /Ln,, the 
number of such equations being — Thus the ratio 

of the number of equations to the number of unknowns is 2(w? — 2); the 
conditions which these variables must satisfy become stronger as m 
increases. Since for w = 4 these conditions are so strong that all the 
variables must be zero, it seems probable that with m still greater the same 
will be true, so that there exists no A^m for w>4. We have not been able 
to construct a rigorous proof of this. 

APPENDIX V 

We shall here prove the theorem mentioned in §42, namely: 

Theorem. The equation ^l2m = 0 is equivalent to the set of equations 
obtained by equaling to zero all the (;«*— 3 )^/ reductions oj 

By definition, (107), 

m -2 

(^) -Gm ^ ’ ' ^(2)(17(4) + 17(4)). 

Lemma I. For every J2W-2 not identically zero^ with m> 3 , there exists 
exactly one Jom such that every first reduction of is identically .42m-2; 
this A2m is a sum of terms each of which is a product of g(2) and A2fn~2- 

Let 

jj; 

(2) Js/rt = • • • + i; , 

where ai 2 , • • ■ , (i 2 w-i. 2 w are unknown constants; this is clearly a tensor of 
the form (1). Let us now equate to A2m-2 the first reductions of (2); we 
thus have the equations 

(3) ; 

these are linear equations in the unknowns aij. Let us now con- 
sider the set of equations 

(4) = 0, 

with the same left members as (3). If the determinant of (4), considered 
as linear equations in the at,, were zero then (4) would have a solution with 
the Oi, not all zero; then because of the difference in indices in the various 
terms of (2) there would be a tensor not identically zero but having 
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all its fir^ reductions identically zero, that is an A 2 m. But by §40 there 
exists no Aim lor ;«>3 if we accept Proposition III. Hence the determinant 
of (4) is not zero. Since the determinants of (3) and (4) are the same the 
determinant of (3) is not zero. Hence there exists a unique solution (2) 
of the equations (3). 

Now suppose Aim is a tensor of form (1) such that every first reduction 
of Aim is identically Aim-i', since Aim has the same property it follows that 
every first reduction of the tensor Aim— Atm is identically zero; hence 
by the Theorem and the Proposition of §40 it follows that -L™ is identically 
A 2 m. We thus have proved the lemma. 

In a similar way we can prove 

Lemm.v II. For every set of tensors Tam-a not all identically zero, 

with «/>3, there exists exactly one Aim such that the first reductions of Aim 
are exactly the set Aim-i with specified indices; this Aim is a sum of terms each 
of which is a product of ^,21 and one of Aim-i. 

We are now ready to prove the Theorem. Consider the equation 

(5) '1 2m = 0. 

Let the first reductions of .lam be 

( 6 ) 

Then by Lemma II, 

(7) 

Consider the set of equations 

(8) -l2m-2 = 0, (/t = 1, . . . .Ca"). 

By (6) it follows that (5) implies (8); by (7) it follows that (8) implies (5); 
hence (5) and (8) are equivalent. Now the theorem follows readily by 
Induction. It is to be noted that to prove this theorem we have used 
Proposition 111 (p. 123). 


Lm-a - (k = 1, • • • jCa”). 


-Lm ^_rf^(2)-l2m— 2- 


APPENDIX VI 

We consider here, as state<l in the footnote to page 88, the application 
to the solar field of the tensor law 

(155) N(«) = 0. 

We saw that the equation (134), IF( 4 ) = 0, represents a necessary and suf- 
ficient condition that ds^ be reducible to the form 
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(160) (/i- = /' - + dxi^ 

L 1=1 

where h is a function of the .Vt. It seems probable that there exists a similar 
theorem stating that (155) is a necessary and sufficient condition that ds^ 
be reducible to the form 

3 

(212) ds^ = - //, + hdxi\ 

l=-l 

where hi and ho are functions of the .r*. We have not had the opportunity 
to attempt a jjroof of this proposition, but we have proved the following: 
Every ds“ reducible to the form (162) is a solution of (155). 

This theorem is adequate for a study of the equation = as a 
possible law of gravitation applied to the solar field. It tells us that every 
set of the form required by a static, radially symmetric field is a solution. 
Thus, we have an even greater arbitrariness than in the case of U\ 4 )== 0 . 
In particular the constants Ou bi, and b 2 of (165), which control the period 
of revolution, the motion of the perihelion point of a planet and the deflec- 
tion of a light ray in passing a heavy mass, are arbitrary. 
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